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1 RESULTS AND THOUGHT OF PROOF 

Let 



D{X) = Y,d{n), (1.1) 



n<X 



where d{n) denotes the number of divisors of n as usual, let 

A(X) = D(X)-XlogX-(27-l)X, (1.2) 

and let 9 = inf{^* : A(X) ^ X^*}. Then the following bounds for 6 have been 
obtained: 



1. 


< 


1 

2 


= 0.50000 ■ • 


• Dirichlet 


1849 


2. 


< 


1 
3 


= 0.33333 ■ ■ 


■ Voronoi 


1903 


3. 


e < 


33 
100 


= 0.33000 ■ ■ 


■ Vander Corput[6] 


1922 


4. 


< 


27 

82 


= 0.32926 ■ ■ 


■ Van der Corput[7] 


1928 


5. 


< 


15 
46 


= 0.32608 ■ • 


• Chih,T. T.[8j(1950),Richert[9] 


1953 


6. 


< 


13 
40 


= 0.32500 ■• 


■ Yin Wenlen[TO] 


1959 



1 



7. 


< 


12 
37 


= 0.32432- • 


- KolesnikHI] 

E i 


1969 


8. 
9. 


9 < 
< 


346 

1067 
35 

108 


= 32427- - 
= 0.32407- - 


■ KolesnikO 
- Kolesnik[l3] 


1973 
1982 


10. 


< 


139 
429 


= 0.32400 -- 


- Kolesnik[ll] 


1985 


11. 


< 


7 
22 


= 0.31818 -- 


- Iwniec and MozzochijT^ 


3 1988 


12. 


< 


131 
416 


= 0.31490 -- 


- M.N.Huxley[T6] 


2003 



The hypothesis value is = 1/4. Moreover, in 1916, Hardy [15] proved that ^ > 1/4. 

In this paper we are going to prove the hypothesis is true. For this purpose, we will 
prove the following theorem: 

Theorem Let Xi < X2 be large positive number, Xi < X < X2 and 

L = logX2, Xi XX2. (1.3) 

Then 

A(X) = XU(X) + (5(X), (1.4) 
where S{X) ^ X^, e > arbitrary small, and 

4K 

A(X) = — ^5^C,(a) Y: ^(n)n-t cos(4vrv^(v/X + ^)-^) 

n<-\r- 

+ E rf(^K^cos(47rv/^(v^+^)-^), (1.5) 

mo + 1 ^ ^ 2VX 4 

with 

K=[^l Co > 200, (1.6) 
logL 

Ci(a), 6*2(0) being independent of X, and 

Ci(a), C2(a) < exp(0(-^)), mo = 2[v^L-2]. (1.7) 

logL 

Clearly, L, K and mo are independent of X by (1.3) and (1.6). The following 
Corollary is obtained immediately by this Theorem. 

Corollary 

A(X) < X^+^(^), < e{X) = 0(— i— ). (1.8) 

log log X 
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Proof: In fact, 



A{X) « exp(0(— + ^ci(n)n-i) « exp(0(— -)) « 

^^g^ n=l n=l 

where the last inequahty is given by L x logXi x logX. 

Clearly, the hypothesis is true by this Corollary. 

To prove Theorem 1.1, suppose that 

U^[X], 

A = CoVUl, Co > 200, 

A; = 0, 1, • • • , m < mo = [^/X^L~% 
j = 0,±l,--- ,±jo, jo<VVL, 
V = So = ^ 



logL 



logL 

ki 



ki ^ 0,1,- ■ ■ ,mi mo ^ [\/X2L ], 



si — TTwTT' s2 



16\/Z7' I6y/U' 



5VT 



Clearly, 



n]n 4. 



1 

< 3 



and 



{U + k + j + 2VU7] + 2VU^ + 2Vue + +7] + 6 + 0'} 

2v 



= {2Vuc + 2Vue + o{L-^)}. 

By (1.15) and (1-16) we know that 2\/Ur] is an integer, thus 
2\/Z7(e + ^) > 2VU{ 

and 



1 5v^ _ 1 10 1 1 _ 3 



2v^(^ + ^) < 2VT7( 



3 5^1 _ 3 10 3 1 _ 17 
leVU ^ ~8^Co-8^20~40' 



therefore, 



(1.21) 



for ^ < C < < ^ < It follows from (1.20) and (1.21) that there 

doesn't exist any integer in the interval 



Hence 

and by (1.19), 
Denote 

By (1.23), 
Therefore, 



E = E =0. 

^i<V^-B-0<^2 (B+e+^i )2 <n< (B+6'+6)2 



S{B) = 0. 
fiv) „ = fiVi + ?72 H ^Vk) 

'IK 

S{B) 



r]K=0 



riK 



0. 



- y 

/t7 ^ 



2mo 2mo m 



^ ^ ^ E E E^w 



— IT J 

e V 



(1.22) 

(1.23) 
(1.24) 
(1.25) 

(1.26) 



-VVL<j<VVL fci=mo+l m=mo+l fc=0 

On the other hand, in the following we are going to prove that 

(I = "' (Am - xiMX) + 0(X% 

4X7 



(1.27) 



This and (1.26) lead to (1.4). 

For convenience in the proof we are going to use the following definition. 
Definition 1.1 If 



Vu 



»?i=0 



Vu 



VK=0 



then we write 
Moreover, we denote 

fiv) 

Clearly, 



VK 



fif]) = 0,{Y), or fir]) «, Y. 



"' \fiVi+V2 + ■■■ + Vk) 



fiv) „<fiv)\ 



Vk 



Vk 



Particularly, if /(?]) ^ M, then 



fiv) „ <fiv)\ 



Vk 



Vk 



1.28) 



(1.29) 



;i.30) 



For arbitrary small e > 0, or e = s{U) = 0(1/ log L), we are going to use expressions, 
such as 

U^' < U', (1.31) 

without explanation. 



2 SOME LEMMAS (I) 



Let 



S'= 'd{n)f{n) 



a<n<b 



where < a < 6 < oo, /(x) G C^[a, b), Y^' is that if a or 6 is an integer, then ^d{a)n{a) 
or ^d{h)n{b) is to be counted instead of d{a)n{a) or d{b)n{b), then (for example, (3.2), 
(3.15) in [2J) 



a<n<b 



S' = 'din)fin) 

(loga; + 27)/(x)c/x + ^rf(n) / f{x){<c){nx) + 0{{nx)^))dx, (2.1) 

n=i •^'^ 



5 



where 



e(nx) = V2(nx)~^/^{cos(47TVnx + 7r/4) - ^ . cosliir^/nx + SttM)). (2.2) 

32Tr\/nx 



In the foUowing we are going to evahiatc general sum '^d\{n)f{n) in F— function 
with more accurate 0-term, and indicate the results in the finite term. Denote 



1 



/ •••/ dh---dhx-i V dx{n)f{n), (2.3) 

^0 ^0 1 



-'o 



a+h<n'^ <b+h 



where 



dxin) = 1' > 2, (2.4) 

ni---n\=n 

fix) e C'[a\ (6 + (A - l)ho)% < /lo < ^, (2.5) 

h = hi + h hx-i- 



Lemma 2.1 Let 



if ho is sufficient small such that 

^0 < min(l - {a^}, l-{b^}), 

then 

Sx= Yl dx{n)f{n). (2.6) 

a<n A <b 

In fact, in this case, there are not any integer in {a^, (a + h)^] and {b^, {b + h)^], 
hence, 

E =«. E =»■ 

a^<n<(a+/i)^ 6^<n<(fe+/i)^ 

Lemma 2.2 For 0.9 < a < 6 < oo, 

Sx ^Sxi + Y / ■ • • / • • • ^^^-1 / fix)ex{nx)dx + 0{e,) (2.7) 
holds for any ei > as N > N{ei), where 

Sxi^-rxzi ■■■ dh,--- dhx-1 / f{n)px{x)dx, (2.8) 

hg Jo Jo J{a+h)^ 



with 

^ / V 2 , ,1,1 7i'^'' (nx) ^ , / xi (A — l)7r avr, 

+0(nx)^+^-^ (2.9) 

anc? 

(A) 1 (A) 1 - A^ 

7o - 1> 7i - 

/or an?/ natural number ax. 



(In this paper we need the case A = 2 only.) 
Lemma 2.3 

1 

S^S2 = - dh V d{n)fin) 

a+h<^/n<b+h 

^ / dh f{x)e{nx)dx + 0{ei) (2.10) 

/io/ds for any Si > as N > N{si), where 



0.9 < a < 6 < oo, < ho < a/2, /(x) e C^[a, 6 + /io], 

1 r{b+h) 
- dh 

^0 7o i(a+/i) 
ceo I \ ^ 

a=0 



1 /-"o r-(b+ti)' 

Si^- dh f(x)(\ogx + 2^)dx, (2.11) 

"-0 70 J{a+hY 

e(nx) = V2(nx)-i J] ^^^^^ cos(47rv^ +_ + _) + 0{{nx)^-^), (2.12) 



1 9 75 3675 59535 2401245 
7o = 1, 71 = - o' 72 = 77^, 73 = -T7:7T7'74 = 75 = ^Ti"' 76 



8' ' 128' ' 1024' ' 215 ' ' 218 ' ' 222 

(2.13) 

for any natural number a^. 

(in this paper we need not the concrete number values of 7j, j > 1, we see 70, 71 be 
consistent for known results in (2.2).) 

A corollary of Lemma 2.3 is the following Lemma 2.4 
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Lemma 2.4 Let 

/ g{h)dh Yl din) fin), 

° a+h<^<b+h 

where a + hi > 0.9, hi < h2, < a < b < oo, gih) e C'^[hi,h2], fix) e C^[(a + /ii)^, (6 + 
/i2)^]; /io = Jh' gih)dh > 0, then 

S ^ - gih)dh fix)ilogx + 2j)dx 

l^O J hi J{a+hY 

^ / gih)dh / fix)einx)dx + Oiei) 

/io/(is /or any ei > as N > Niei), where ©(nx) is (2.12). 
Clearly, Lemma 2.2 has also similar corollary. 
Proof of Lemma 2.2: Let 

D^ix)^Y.dxin), (2.14) 

n<x 

then 

^ c^A(n)/(n) = / fix)dD^ix) 

{a+h)>-<n<{b+h)^ ^(a+M^ 

--(b+h)^ Kb+h)^ 



= fix)D,ix) - / (2.15) 

x-(a+ti) J(„+^)A 

the last integral is 

f'ix)Dxix)dx - - / 

'{a+h)>' J{a+h)^ 



p{b+h)^ r{b+hY fx 

- fix)Dxix)dx^- f'ix)i Dxiy)dyyjx 

J(a+h)^ J(a+h)^ Jo 



rx x={b+h)^ /-(b+h)^ rx 

= -fix) D,iy)dy + f"ix)i D,iy)dy)da 

Jo x-(a+H) Jr^^f^)X Jo 



x={b+h)^ fib+h)^ 

" ' " ' ' ^ ' ix 

'{a+h)> 

-fix) X'+Ws)ds ^=ib+h)^ 

27ii j„^^_,r sis + l) -={a+h)^ 

I f^o+iT Ab+h)>' fll(x\x'+^Q^{s) 

+— / d,s / L^^^_LSlLdx + 5, (2.16) 



where ctq = 1.1 and 
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x=(a+h)^ 



5 = — ( / ds+ ds){ . ^. 

27^^Vao-^oo Ja,+^T s{s + 1) 



J{a+h)^ S{S + 1) 

r dt 1 

By (2.16), 

- / rD,{x)dx = / /' / + (2.17) 

Suppose e is the set of /ia-i and e satisfies + /ia-i — "^^^1 < /U, where m is an 
natural number, x\ = x + hi + ■ ■ ■ + h\-2 fixed, ii^ = (0, ho) \ e. We have 

^ e 

/((XA + /iA-i)')I^A((a;A + hx_if)dhx-i 

fii.rx + hx-if) r^'^ {xx + hx-i)'\\s) 



Je 27rz J^, 



(is + 5^;, 

ao-iT *■ 



where 



27ri Jan-ioo J an+iT 



'ao+iT S 



Jan+iT ^ riA 



1 /■ °° 
< - / d/iA-l J]t^A(n)( 

^ n=l 



{xx + hx-iY 



Co 



n |log^^^ 



|<|n^-XA-/iA_i|<| 



|nA -Xa - /iA-l| 



1 /-. ^^A \ 

T^^+ ^ / ^ 

1 Je |nA — xa — AiA-i| 

^<|nA-XA|<3 
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for < ho < a/2, < /i < 1/2, and the constant in "O" is independent of T. Further- 
more, 



/((XA + /^A-l)')rf/^A- 



a-o+iT 



ixx + hx-iVW-s) 



(JO -iT 



dS <^ logTdhx^i <^ yulogT. 



Hence, taking fi = ^, we have 



ho rho 



dhi ■ ■ ■ dhx-if{x)Dx{x] 



ho rho 



dhi ■ ■ -dhx-ifix)^ 
Zm 



x=(a+h)^ 

""+^^ f{x)x\{s)ds ^=ib+h)^ 



I ao-iT ^ 

It follows from (2.3), (2.15), (2.17) and (2.18) that 



loe; T 

, +0(^^). (2.18) 



Sx 



1 



ho rho 



^0 -^0 



+/(x)x 

1 



dhi ■ ■ -dhx-i — 
2m 



x={b+h)^ los-T 
) + 0(-^' 

x={a+h)^^^^ T ' 
ho rho 



1 n+'^c;\s)ds, r^'+'-'^\, 



(TO— iT 



f'{x)x^dx 



(a+hy 



-'o 

1 



ho rho 







r{b+hy 




rao+iT 


dhx- 


'^2ni 


l(a+hy 


f{x)dx 


/ x' 

1 ao-iT 






r{b+hy 




rl — ao+iT 


dhx- 


'^2m 


l(a+hy 


f{x)dx 


ll-ao-iT 



x'-\^{s)ds 



< rj-f J 



+Sxi + 6+ + 6- + Oisi) (2.19) 
holds for any ei > 0, as T large, where h = hi + ■ ■ ■ + hx^i, A > 2, Sxi is (2.8) and 

1 



5± = T 



2nihQ ^ Ji-ao±iT 



ao±iT 



<;\s)Is{s)ds, 



ho rho 



b^ 



dhi---dhx-i / f{x + h){x + hy-^dx. (2.20) 



Using the integrations by parts and (2.5), we see that Is ^ t^. It is known that (for 
example, 2.1.8, 2.1.3 in jlj) 



^(^) = 4r^' Xis)xil - s) = 1, 

X(l -s) 

-ly = 2(27r)-T(.) cos^ = (i-)-V2,.Hog^^i ^ ^(1))^ 
t > 1, s = a + it, 



(2.21) 
(2.22) 



^(s) < |t|6, (r> 1/2, \t\ > 1. 



(2.23) 
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Hence 



-O-Q 



1 f^O 

^ _L / (1 + TMa-m^j.^^^ ^ ^A(i+ao-3/2) ^ (2.24) 

for (To = 1.1. Putting s = 1 - s' in the integral (2.19), noticing (2.21 ) and (2.24), 

1 f^' f""' „ „ 1 /•('+'^)' /(a;)rfx r°+'^ a;-\^(s)cis 
' ' a/ii • • • dhx-i- V / I 



J (jQ—iT X v^/ 

+5a; + 0(£i) 

+^A5 + 5iv + 0(£i), (2.25) 

where 



< J2dx{n)n-'' f (|i| + l)^(i-^-V2)di<£,) (2.26) 

„^Ar J —T 



holds for any fixed T as N sufficient large. 
Now estimate the integral 



Mn)^f""^, (2.27) 



jx(s)^ •••/ dh,---dhx-i f{x)x-'dx (2.28) 

for (To = l-lj Ti — )> oo, n < N. Using the integrations by parts it is easy to obtain that 
jxis) < ^. Thus, by (2.22), 



Jt Jt 

(2.29) 
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for A > 3. If A = 2, then 



-2s + 2 Jo 
2 



32{s) ^ dh f{x)x-'dx 

Jo J{a+hf 

rho rb 

dh {f{{x + h)'')y{x + h)-^'+^dx 

Jo J a 



-2s + 2 



Cl 
^2 



f{{x + hf){x + h) 



-2s+3 



x=b 



h=ho 
h=0 



+ 



ho 



dh{f{{x + hY))\x + h) 



-2s+3 



x=b 



C3 



ho 



+^ j dh{f{{x + h)''))"{x + h)-^^+^dx + 0{t-^). (2.30) 



Consider the integral 



{n{x + hjy^dt 



where the last equation is given by (2.22), ctq — 1.1, and 

M„ = 27r Vn(arr/i). 

If Mn>T-VT, then 



^-o.8g2itiog^^^ ^ C>(r-o-«), (2.31) 



72n(7^,ri) = ( y" 

/ 



(2.32) 



+ 



|t-M„|<VJWn,T<t<Ti |t-M„|>x/M;;:,T<t<Ti 

^_rf°-« M-o-« 



log^ 



+ 5t(M„) + 



log 



+ 



-0.8 



+ / ( 

\t-Mn\>Mn,T<t<Ti 



M„ I I ^^6 Mn 

^-0.8-1 ^-0.8-1 



log 



M„ 



For any fixed M„, as 71 oo, the second term is < Tf < r-° ^ If M„ < + T, 
then SriMn) is the first term. If M„ > + T, then 



5t(M„) < 



-0.8 



^ 21-0.8-^1/2 



Thus, 
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7-/M;r/2<|t-M„|<2M„ 1^ ~ \t — M„P 



for Mn > T - VT. U < T - VT, then it is easy to show /2„(T,Ti) < T-o ^ It 
follows from (2.27), (2.30) and the definition of hniT, Ti) that ^2(71) < n-^-^T-o-^. This 
and (2.29) give 

5x{n) < n-^-^r-°-^ < ein-^-\ A > 2. (2.33) 

In the same way, 

r°-'^ i,(5)n-^d5 ^^^-1.1^ A > 2, ao = 1.1. (2.34) 

Therefore 

hm > / ■■■ / dhi---dhx-i / +/ r w x < ^i- 

(2.35) 

By (2.25), (2.26) and (2.35), 

Y-^A(n),. r'^" r'^",, 1 [^'+^'^" f{x)dx {nx)-^ds 



+5Ai + C>(£i). (2.36) 
If s = -1 + it, |t| > 1, then by (2.22), 

' ^ (2.37) 



X(s) 



Let c''^ be the broken hne from (To ± to — 1 ± and again to — 1 ± zoo, it is easy to 
know that 



/ • • • / dh- --dhx-i / /(x)rf,T( / - / y I , ^ 0(r ^ 00) (2.38) 

Jo Jo J(a+h)>- Jc+ Jc- X [S) 

liformly for n < N. Therefore, by (2.36), (2.38), 

Sx=y2 / • • • / dh--- dhx-1 / f{x)Jxn{x)dx + Sxi + 0(£i) (2.39) 

^^AT h-0 Jo Jo J(a+hV 



= (2.40) 
13 



the path c is an infinite broken fine joining the points —1 — ioo, —1 — iT,ax + 5/4 — 
iT, ax + 5/4 + iT, -1 + iT, -1 + ioo. 

It is know that (for example, (24), P.360 in [3]) 

r(s) = v^e(^-i/')^°s^-"+"(^\ (2.41) 

where 

, r - 1/2)''^ , r ,2.42) 



for s^0,-l,-2--- , 



- r{{y}-l/2)dy=Y, 

^0 rn=l 



°° 1 — COS 2TnTcx 



27r^m^ 



So that 



00 ^ „(- 



(1 — COS 2'mTTx)dx 



m=l 

00 °° 1 



s + xY 

(cos 2m7rx)dx 



m=l 



27r^m^ 27r^m^ /n (s + x)^ 

m=l " ^ ' 

Ci 4 {sm2rmTx)dx 

s (27rm)3 Jq {s + xf 

, , + ... + ^^ + o(— 



"'+§ + ■■■ + 1^ + 0(3^) (2.43) 



for large s ^ —m, where 



m=l 

C3 = -V ^ \ = = -1/360, (2.45) 

m=l ^ ' 

C5 = 1/1260, (2.46) 

C7 = -1/1680, (2.47) 



By (2.41) and the first equality of (2.22), 

^ 2\2tt)-'-^x 



x\i + l/2-^) 

X COS^(-(- + 1/2 - ^))(v^)V^-^/2)log(f+l/2-^)-A(f + l/2-^)+A^(f+l/2-^) 

2 A 2A 

= (27r)-^(2cOS-(- + 1/2 - ±))A72^e{^-l/2)log.-s+.(.)-(s-l/2)logA+M.(s) 

2 A 2 A 
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where 



= v^(27rA)-T(.)e^^W(2cos + 1/2 - ^))\ (2.48) 



H,{s) = (. - 1/2) log(l + ^) - ^ 
+A^(^ + l/2-i^)-^(.) 



1- 
24s 



+ 4 + • • • (2.49) 



and 



"A+l (A) 



The first term of the above sum is 1 and 



Moreover, 



where 



(2cos^(^ + 1/2 - i-))^ = 2cos(^ + ii^) +p,(s), (2.52) 
Pa(s) = CA-2C0S |( ^^~^^^ + ^A-2) + --- + pix{s), (2.53) 



Pu(s) 



CloA; A — 2Ai 

CiiACos(f + ^^ia), A = 2Ai + 1 

Therefore, putting s = y + l/2 — ^in the integral (2.40) and moving the integral line 
return to the original c, we have 



TTS (X — 1) 

X cos(y + ^ ^ )ds + JnA5(a;), (2.54) 
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where 



/ V A ' (nx) 2 + 2A f ,1. 

Jnxsix) = J r{s){2nX{nx)-^y 



X-^/\nx)-^ + ^ /■ax+5/4+ioo 



1 1 a\+B/4 

•/ — oo 



x(|pa((Ti + + |i?A((Ji + ii) cos(|((7i + it) + 



Since 



(7i = q;a + 5/4. 



|r((7i + it) cos(|(ai + - i/o) + 



e 



for \t\ > 1, then by (2.51) and (2.53), 

JnXsix) « (na;)-i/^+^-^ 



/oo 
((|t| + l)-^/^ + e-^)dt 
-oo 



< (nx)-^/2+^-^^A+£Zl_ ^2.55) 

FinaUy, by (2.54) and (2.55), using (^g_i^(^f_}2)-{s-a) ~ ~ '^)' obtain that 

X cos(^ + i^i*^ + + 0(M-'/^+^-^) (2.56) 

^ ^ 

It is known that Mellin's formula: 

1 /* ITS 

x-'r{s)cos{— + 0)ds^cos{x + e), (2.57) 

27ri 2 
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hence 



Qa+I (A)/ 



«=0 



{27Txy 



X cos(27rA(nx)A + ^ — + — ) + 0{{nx) ^'^^2x —) 

a\ (A)/ 

= 2A-/^M-/-^x:^7^ 

X cos(27rA(nx)^ + + ^) + 0((nx)-i/2+^-^)^ (2.58) 

By (2.39 ) and (2.58) we obtain (2.9). The proof of Lemma 2.2 is complete. 

Lemma 2.3 is the case A = 2 of Lemma 2.2. To evaluate concretely the first seventh 
coefficients 70, ■ ' ' 5 77 iii (2-13), it is sufficient to take A = 2 in (2.49). We have 

/i(s) = ;x2(s) = (s-l/2)log(l + ^)-l/2 + 2^;(| + l/4)-i;(s) 

_ 1 1 1 5 1 61 

~8s ~ 16s2 192^3 ^ 128s4 ^ 6405^ ' 768s^ 

and the calculation gives 



e 



M2(s) = 1 + y - — - — 2^ — - — - + R^{s) 



where 71, ■ ■ ■ ,75 are (2.13) , R2{s) satisfies the corresponding (2.51). Proof of Lemma 
2.4 is all the same. 

It is known that (for example, (3. 17) in [3J) 

a/4 



A(x) = V d{n)n''^'^ cos(47rv^ - 7r/4) + 0{x^'^+' N-^'^) + 0{x') (2.59) 



X 

To 

n<N 

for any e > 0. When x is not an integer, (see (15.24), |3j) 

1 I A 00 

X 



A(x) = — —^d{n)n~^/'^{cos{A'K^/nx-Tx/A) 

n=l 



3 

+ ^^(nx)"^/2 cos(47rv^ + 7r/4)) + 0{x'^'^). (2.60) 



Lemma 2.5 As x > 0.9, < /iq < > A^(£:i), 
"'iQ 1 r^o 



1 /-fto 1 /•10 

— / A{{x + hf)dh = — y^d{n) (t){n,{x + hf)dh + 0{ei) (2.61) 
^0 ^0 „<jv A 
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holds for any £i > 0, where 

cos(4:7r\/nx — 7r/4 + aTr/z) 
(pin,x) = 1= > =r 

+ 0(,T^/^n--^/^(nx)-'^) (2.62) 
with Pq = 1, [5i = 3/8, ■ ■ ■ , = ■ ■ ■ for any integer number > 0. 
Proof: In fact , as ao = 0, 1, (2.60) leads to (2.61); for the general ao > 0, we have 

^((^ + ^))=2^X^ 

where the path C is from 1.1 — ioo to 1.1 — i to 1/2 — i to 1/2 + i to 1.1 + i and to 
1.1 + ioo. The proof is the same as Lemma 2.3. □ 

A corollary of Lemma 2.5 is: 
Lemma 2.6 

112 

f{h)A{{x + hf)dh 

hi 

= J2 din) I ' fih)<j){n, {x + hf)dh + 0(£i) (2.63) 

n<N ■^'^1 

holds for any ei > as N > N{ei), where f{x) e C^[hi, h2\, x + hi > 2, hi < h2 <^ x, 
(f){n,x) is (2.62). 

In the same way, like the proof of Lemma 2.2, for 0.9 < a < x <h < oo, 

-j^ •••/ dhi---dhx-iAxi{x + hf) 
hf) Jo Jo 

^ XI ^^i^") / ■ ■ ■/ dhi--- dhx-i(px{n, {x + h)^) 
ho „<jv Jo Jo 

holds for any £i > as > N{ei), where 

h^hi-\ h hx-i, <ho < a/2, 

. , a;^~^n~^~^ /^i''''' cos(27rA(na;)^ + (A — 3)7r/4 + Q;7r/2) 
'^^^^'^^ ^ v/Avr ^ (2A7r(na;)VA)« 

11 11 '^A^'-'- 

+0(a;2~2A72,~2-2i(77,x) ~), (2-64) 



3(A) 



= 1, 



A-1 1- A^ 

2 ^ 24 ' 



for any positive integer number a\. 
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3 SOME LEMMAS (II) 

Lemma 3.1 (see(1.17), [2]). Forn>3, 

d{n) < exp(0(-i^)) = n^("), e{n) = 0(— ^) (3.1) 
log log n log log n 

The following Lemma 3.2 is a generalization of Theorem B.l in [3], also the proof 
belong to it. 

Lemma 3.2 Let 

1 °° 2 

ij{V,b,mo,x) = -= V e-^e(jx)(j+6r° (3.2) 

W — 

j=-oo 

where KeV > 0, b is real, x = Xi + 1x2, rriQ is a negative integer, then 



00 



V'(\^,fe,mo,x)= J2 e-''''^'^''^"ei-bix+j))p^,ix,j) (3.3) 



j=-oo 



where 



00 



Pmo{x,j) = / e--^ {Vz{x + j) + Vver'^de 



t{7)'^^iy'(^^^^r'- (3.4) 



Proof: Let 



:-!)!! = 1. 

7r(z + i))2 , , , 

1 /■ e —e{zx){z + b)"''>dz 



IN 



where Cat is the rectangle with vertices at + 1/2 ± i, — (A^ + 1/2) ± i, iV is a positive 
integer, then 



1 ^ 2 



— e"^^e(jx)(j + 6)"^° -> iIj{V, 6, mo, x) (A^ ^ 00) 



'AT 

a / 1/ 



On the other hand, since 



l±{N+i/2)^i e(z) - 1 



19 



then 



VV J-oo-i J-oo+i ^{^) 1 

1 ~^ roo—i 2 

y / e-^e(^(x + i))(z + 6r°dz 

-I oo /-oo+i 2 



1 °° /-oo+i 2 

i ^ / 7r(z+b) 

Putting ^ = — 6 + 2;', and moving the integral hne to (—00, 00), we have 



i;= J2 e{-b{x + j))Ij, 



J = -0O 

where 



1 r°° 2 
^ -^j e-'^e{z{x + j))z^°dz 

= 1 (^+^-)^ r e-'^^^^^z-^dz 

W J-OC 

Pmo(^)i) is (3.4). The proof is complete. □ 
Lemma 3.3 Let f{x) e C^{a - e,b], e > 

a^Y. /W' (3-5) 

a<n<b 

max l/^^^x)!, z/=l,2, (3.6) 

a<n<6 

'^^ E f f{x)e{nx)dx + ao{a) + ao{b) + 0{^^^±^^^^) (3.7) 

-N<n<N 



then 



for any natural N, where aQ{X), X = a or b, such that the following condition: If X is 
an integer, then 

ao{X) = (3.8) 



if X is not an integer, then 



.„(X) « VW + f -™ . (3.9) 
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Proof: We have 

<7= lim J2 /H= r f{x)d{x + l-{x})^ f f{x)dx + h, (3.10) 
where 



with 



h= hm / f{x)d{\-{x})^ hm + 7^, (3.11) 

h = - jj'{x){\-{x})dx 



' nx){r{\-{y})dy)'dx 



Using 



we have 



= -/'(^) ^'(^ - {y})dy\[ + Jj"(^)(Jjl - {y})dy)dx. 



n=l 



w/ , v-^ 1 — COS 2n7ra; , v-> 1 — cos 2n7ra; , ^.Mi + (6 — a)M2 

n=l " n=l 



N 



= 2 1 /' /(.) cos2n..d. - f: [ + ^^M. + (6^-«)M.^ ^^^^ 

n=l n=l 

Since 2cos27rx = e{x) + e(— x), then (3.7) is obtained by (3.10), ( 3.11) and (3.13), 
where 

ao{a) = -/(a)( hm (i - {a - e}) - '^^l (3.14) 

n=l 

/,v r,-> v-^sin2n7r6, /„ , 

^o(&) = /(&)(^ - {&} - E — ;^ — )■ (3.15) 

2 TTn 

n=l 

Let X = a or 6, clearly, if X is an integer, then cro(X) = |/(X). If {X} = i, then 
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ao{X) is vanishing. Suppose < {X} < |. We have 

1 , , ■^sin2n7rX sin2n7r{X} 
^- ^ ^ nn ~ ^ nn 

n=l n=N+l 

1 f^^ 1 

= hm — / — (iy^sin2n7r{X} 

~ n<u 
1 /"°° 1 

< — ( ^ sin2n7r{X} + j — sin 2n7r{X}))rf^ 



1 1 1 . 

^ N^{x}^ \-{xy' 

The case \ < {X} < 1 is the same. The proof is complete. □ 
Lemma 3.4 Let 

H ^ H{X,a,l3,a,b) = d{n)n-'' cos(A7rVnX + p), (3.16) 

a<n<b 

where 0.9 < a <b < X(logX)'", C > 0; a,/3 are real, X is large positive number, then 

H < (a^/^-" + (3.17) 

where 



Proof: Let /lo = | and 

1 r''" 

H' = — dh V d(n)n-"cos(47rVriX + ^), (3.19) 
ho Jo _ _ 



^/a+h<^/n<Vb+h 

then from Lemma 3.1 

"ho 



1 /" ° 

H-H' ^ — dh{ J2 - J2 )d{n)n-'^ cos{inV^ + p) 

^/a<^/n<Vb ^/a+h<^/n<Vb+h 

1 /•'lo 



where £ = £(-^) is (3.18). So that 



1 r ° 

H^— dh V d(n)n-"cos(47rV^ + /3) + 0(a5-"+^ + 62-«+^) (3.20) 



Va+/i<Vn<A/6+/i 
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Taking f(n) — n cos(47r-\/ nX + ^) in Lemma 2.3, we have 

H = Hi + Han + 0{ei) + 0(a5-"+^ + 65-"+^) (3.21) 
holds for any £1 > as large, where 



Hi ^ — dh u-''{\ogu + 2-f)cos{A7rVuX + p)du 

2 r^o rVb+h 

= — / dh u^-^^'ilogu^ + 2^) cos{A7rVXu + p)du 

ho Jo J^+h 

< (a^-°+" + 6^-"+") /VX, (3.22) 
/ d/i / u-"" cos{A7rVuX + p)e{nu)du 
1 

= 2V2 V d(n)n-i V + San, (3.23) 

San<-^Y^ din)n—^ I dh / du < a"'* + h"^, (3.24) 

^ofnf, Jo J(VS+/.P n 



n<N 

"ho pVb+h 



jnu = T- dh u^~'^°~'' cos4:7t{vXu + P)cos{4:TTy/nu+ - -\ )du 

ho Jo Jv^+h 4 2 

^Jnu+Jnu: (3-25) 
1 pho rVb+h 

^ — dh u2-^'^-''cos{A7r{^/E±^/X)u + e^)du 

2aio Jo Jv^+h 

1 /■''° (ii + /i)5-2"-^sin(47r(v/^±v^)(ii + /i) + ^±) ^ 



Jo 



2/ioJo 47r(v^±V^) 

2/io Jo ± V J^ 
for 7^ If n > 2X, then integrating by parts for h, we have 

in. « , « ■ 3.27 

Therefore, it follows from (3.23), (3.24) and (3.27) that 

1 

Han ^2V2J2 d{n)n-'^ U^T^^^^. + Jn.) + 0{a^-" + ft^""). (3.28) 

n<2X v=0 ^ V ) 
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If \n-X\< 2, then by (3.25), 

rVb+i 



in. < / ii^-'"ciii < a3-° + 63-". (3.29) 
If > 2, then by (3.26), 



jnu « I ^ ^ ^, (a^-" + &^-")- (3.30) 



Hence, by (3.27), (3.28), (3.29) and Lemma 3.1 we obtain 

d{n)n 



n<2X,|n-X|>2 ~ "^"^1 |n-X|<2 



^ > a{n)n 4 



+ (aV4-a + 5l/4-a)^i+.(X) ^ . 3/4-a ^ ^3/4-a)^-l+e(X) 

^ \n-X\ ^ ' 

X/2<n<2X,\n-X\>2 ' ' 

for a < 6 < (logX)^. (3.20), (3.21), (3.22) and (3.31) imphcate (3.17). The proof is 
complete. □ 

Lemma 3.5 Suppose a, 6, a, /3, X 6e as Lemma 3.4, 

J2 d(n)n-''f{n)cos{A7rVnX + p), f(u)^M, 

a<n<b 

/'(M)«^,«e[a,6 + 1], (3.32) 

then 

H < M{a'/^-" + ^,V4-a)^i+£W_ ^3 33^ 

Proof: In fact, by Lemma 3.4, 

H ^ f{u)d J2 d{n)n-'^ f {n) cos{47rVnX + 

a<n<u 

< 1/(^)11 Yl d{n)n-''f{n)cos{47rV^ + P)\ 

a<n<b 



f l/'WII J2 d{n)n-''f{n)cos{47rV^ + /3)\du 

a<n<u 

< M(a^/^-" + 6^/^-")X3+^(^)(l+ / 

J a 

< M(ai/^-" + 6^/^-")X3+^(^). 



du ^ 
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The proof is complete. 



Let 
define 

Also we define 
generally, 



r] = Vi^ \-Vk, 



vi=o 



Vk=0 



fiVi)\ 



1/(^0)1 + 1/(0)1 



/(^)l 



)7l=0,i^0 '7if=0,i'o 



It is obvious that if f{r]) <^ M, then 

/(^)L,«/(^)lL,l«^2^; 

if /W(77) < M, Q<k<K, then 















i ■■ 


Jo 



Vk+1=0 



Jo Jo 

Lemma 3.6 Suppose f{z) is analytic for \z\ < and \f{z)\ < M, th 



VK=0 



Vk 



for large U, log U, < vq < L ^, K 
Proof: Clearly, 

Moreover, 



vi=o 

■CoL 



Vk=i'o 



Vk=0 



< MU 



-99 



, Co > 200. 



0<r)i + --- + r)K < i^oK < 



LlogL 



f{ri) 











VK 




Jo 


Jo 



f^''\v)dVi---dVK 



1^0 r^o 

drji--- drjK— 

2lTt 

M\dz\ 



Jo Jo 
« [ TX- 

Az\=^ {777. 



f{z)dz 
{z - ri)^+^ 



1 \K+l 



l^l = 7r ^v^ LlogL' 

< K\L-'^^M{2\/T)^ < M{2KL-^''^)^ 



3/2 

200L 



< Mexp(-- -(logLV2 + O (log log L))) 



logL 
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for L X log U. The proof is complete. □ 

4 SOME LEMMAS (III) 

Lemma 4.1 Let 

G'A(v^,?7) = e , (4.1) 

Wx{r]) = e(-A(Vc7 + + i/)^), (4.2) 

(4.3) 

Sl(v)^Wx(v) Yl d(n)n-'^G^(V^,rj)e{-2V^(Vu + rj + u)-l/8), (4.4) 

VU<^/fi<{\o-x)VU 

where u — 0{L^^) is real, A is (1.10), r) is (1.15), 

1 < Ao < L, < A < Ao - 1. (4.5) 
Then ^ ^ 

Soiv) = E ^A(ry) + 0{U-'/'+n, e = O(^). (4.6) 

("note t/iat is (1.28).) 
Proof: Let 

t/=[X], 0</.</.o = ^^, (4.7) 

then 

0<{Vu + hf-U<L-^/^, (4.8) 

{V^'} = m = 0, 
Hence there doesn't exist any integer in the interval (C/, {\/U + h^], that is 

In the same way, 

E 

( Ao - A) VU< VS< ( Ao - A) VU+h 

Noticing e{n) = 1, we have 

e{-l/8)W,{7i) 
SxiV) = r 
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X 



dh J2 d{n)n-^^*Gxiy/n,7])e{n-2y/E{Vu + r] + iy)). (4.9) 

° VU+h<^i<{\o-X)VU+h 

By Lemma 2.3 

^ e{-l/8)WMd{n) f^^ /^((Ao-A)^/!7+.)^ 

^ n<iV ^0 -^0 J{VU+hf 

x-^'^GxiVn, r])Q{nx)e{x - 2^{Vu + 77 + 

+5a(77) + 0(£i), (4.10) 

holds for any £1 > 0, as iV > iV(£i), where Q{nx) is (2.12), 



e{-l/8)Wx{ri) 



ho ri{\o-X)VU+h)^ 



ho Jo J(^+h)2 

xe(x - 2^/x{Vu + 77 + u)){\ogx + 2-f)dx 

"0 Jo JVu+h 

X e{x^ - 2^{^ + 77 + z/))(loga;^ + 27)^^. (4.11) 
Moving the integral line of the inner integral we obtain 

2e{-ll%)WM 



nho nVu+h+zo p{Xo-X)VU+h+zo p{Xo-X)VU+h 

Sxiv) = -'-^—-'^ dh{ + + ) 

'''0 Jo JVU+h JVU+h+zo J {Xo~X)VU+h+zo 

xz^GxiVri,v)(^ogz'^ + 2j)e{z'^ - 2z{Vu + r] + iy))d^ 



2e{-l/8)Wx{v) 



ho 

where 



/ dh{hh{v) + hh{v) + hh{v)): say (4.12) 
Jo 

Zo^Leil). (4.13) 



Since 



4w(z + \(VU+r, + u)f 

Gx{z,r]) = e ^ 



00 



,2^A(v/c7 + i/) 2(z + Ar7)^^^^ , 

then by (4.12), 

,2^A(yc7 + z.), ^ , , , ^, 



(,)/,.(,) ^ e-^-e( '^^^^j^ + ""h Mv) + 0(e-^^), (4.15) 



W^;.,., _ , 
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where 



Jwiv) = W,{r,) I '° fe{z)e{z^ - 2z{VU + r) + u) + ^i^±p)l)dz 

/ fe{^+h + z)e{{^/U+h + zf + 2{Vu + h + z){-VU-u+-))uJ{z,r|)dz, (4.16) 
Jo ^ 

fe{z) = z'/' {log z' + 2^), (4.17) 

a;(^,7^) = e{27]{-Vu - h - z + —))Wx{7]) 

\B 

= e(27?(-^-/i-z + — ) - A(V^ + ?7 + i/)2) 



= e{-X{VU + iyy)gM: (4-18) 
^.e(?7) = e(-2(A + 1)?7^ + 2?7(-/i -z-uX + —)- Xrf) 

= e{27]{-h-z + ^)-X7]^). (4.19) 
The last equahty is given by 

e(-2(A + l)riVu) = e(riVu) = 1 (4.20) 
where 77 = 771 + • • • + 7]k, Vj = or ki/\^, j = 1,2 ■ ■ ■ , K. Thus, 

g,e{w) « e^-l-Klf l+l'^l+l-l+^l-l') « e^^^ (4.21) 

for \w\ < 1^1 < L, A < L, 1^1 < L, /i = (7^), ^ = CqVUL- By Lemma 3.6, we 
have 

9z9mm « e«-^t/-99 « U-'' (4.22) 

for z/o = ki/VU < L-2. It follows from (4.15), (4.16), (4.17), (4.18), (4.19) and (4.22) 
that 

Wxiv)hhiv)\v<^U-''. (4.23) 

In the same way, 

Wx{v)hh{v)\v<^U-''. (4.24) 

By (4.13), 

l'{Xo-X)VU+h+zo 

Wx(v)l2h(v) = Wx(r)) f0{z)Gx(V^,v)e{z^-2z{Vu + ri + u))dz 

< / VlJL\e{(x + zof -2(zo + x)(Vu + ri + u)))\dx 

JVU+h 

'■{Xo-\)Vu+h 



r[Ao-x)\/u+n 

= VUL \e{z^ + 2zo{x - {VU + r) + u)))\dx 

JVU+h 

= VUl t 



'VU+h 

"(Ao-A)vT7+/i _ 

g-27rL2-2A/27r(x-(VC7+»7+i^)) 
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< VcTLe-^' = 0^(C/-9°) (4.25) 
for zq = Le{\). It follows from (4.12), (4.23), (4.24) and (4.25) that 

5M = 0,{U-'% (4.26) 

Taking ccq = 2 in (2.12), we have 

2 

e{nx) = V2(V^)-^/2^ -^(V^)-"cos(47rV^+^+^)+0((V^)-^/2). (4.27) 

By (4.26) and (4.27) and putting x — x\'m. the integral (4.10), we have 

Slii) = kl{r^) + + O(£0 + 0,{U-h (4.28) 

where 

&±(r7) = ^/2e{-\ ± i) rf(n)n-i J] 7a(4|)^)"jn^a(^), (4-29) 
^A(r/) /'''° ^ /•(^o-^)^+'*G'A(v^,r^)e(x2 + 2x(±V^- (Vc7 + ry + z/)))cix 



^0 Jo Jyi 



' Vu+h 

(4.30) 

As n > no > 2C/, the integration by parts gives 

_ Wxiv) Z"^" Gxjx + h, fj)e{{x + /t)^ + 2{x + /i)(±v/^ - - - z/)) |(Ao-a)VU 



^0 io (x + h)'^47ri{x + h±^- \f\J - r] - u) ^ 

Wxij]) f''\Gxix + h,ri) e{{x + h)^ + 2{x + h){±^/n - y/U - r] - u))dx 

"/a 



iiriho Jq {x 



U 



for ho — ; where the last inequality is given by integrating by parts for h. Since 

d{n)n-^I^U « 

n>no ^0 

then taking no — C/^°, by (4.29) we obtain 

k^iv) = v^e(-l ±l)J2 d{n)n-\j^^^{^r3Uv) + 0,(C/-i). (4.31) 

n<(720 a=0 ^ 

As > (Ao - A - 1)a/c7, moving the integral of jnaiv)^ we obtain 

1 pho i>VU+h-zo i'{\o-\)VU+h-zo i'{Xo-X)VU+h 

jnaiv) = 7- / / + / + / 

'^0 Jo JVU+h JVU+h-zo J{\o-X)VU+h-zo 

29 



e{z^ - 2z{VU + ^/n + iy))f{z, r])dz 



2;^ 



1 

^0 Jo 



ho 

dKl^nh^V) + I^nhiv) + I^nh{ri)\ Say (4.32) 



where zq — Le{^) and 

f{z, V,) = Wx{r])Gx{z, ri)e{-2zri). (4.33) 

For z — X — pe(|), we have 

|e(^2 - 2^/^{Vu + + v)z) I = e-2V-2V2MVI7+v^+.-x) ^ ^-2^ (4 34) 

holds for x < (Ao - A)yf7 + /i, > (Aq - A - l)^^/, /i, = O(L-i), < p < L. As 
^ ^ ^vahiv)^ ^ = +^-pe(|); as 2; e I^nh^r]), z = (Aq- A)vt7 +/i-pe(|). Repeating 
the proof of (4.26), we have 

f{z, rj) = O.iU-""), z e 7- ^3n.- (4-35) 

It follows from (4.34), (4.35 ) and z-'^ < 1 that 

Knkiv) + Isnkiv)-0,{U-''). (4.36) 

As z & -^2n/i(^)' 2; = x — 77e(|). Clearly, /(2;, r]) ^ 1, z = 0{L). Hence, by (4.33) and the 
definition (4.32) of l2nhiv) we have 

« / e-^'^^^dx « e-^^ «, C/-9°. (4.37) 

Moreover, (4.32), (4.36) and (4.37) deduce that 

3nM = 0,{U-'') (4.38) 
for ^/n > (Ao — A — 1)VU. Moving the integral line of jna{v)-> we obtain 

1 rho rVU+h+zo [-{Xo-XjVU+h+zo j-{\o-\)VU+h 

JLiv) = TT / + / + / ) 

ilO Jo JVU+h JVU+h+zo J{\o-\)VU+h+zo 

e(^2 + 2{-VU + x/n - v)z)f{z, r])dz 

X 

1 

= ^MAn/.(^) + 4nJ^) + ^3l..(^)), say (4.39) 

If 2; = X + pe(|), then 

\e{z^ + 2{\/U + y/n-v)z)\ = |e(ip2 + 2pe(^)(-y[7 + - i/ + x))| 

o 
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< e-'^'P (4.40) 

for X > + /i, n > 1, and u,h^ 0{L-^), < p < L. 
Similar to the proof of (4.38), we have 

jLiv) = 0,{U-'') (4.41) 
for n > 1. It follows from (4.28), (4.31), (4.38) and (4.41) that 

VS<(Ao-A-l)yc7 "=0 

(4.42) 

where 

<^(^)<r, J] (4-43) 

n<!720 

Moving the inner integral line of jnaiv)^ we have 

juM = 1- / / + / + / + / + / ) 

'''0 Jo JVU+h JVU+h-zo Jx„-zo Jx„+zo J {Xo-X)VU+h+ 



^^ Wx{v)e{{z - Xnf - xl)dz 

X. 

= - / dhir,^,{r]) + r,^,irj) + loiv) + itnHiv) + iLhiv)), say, (4.44) 
no Jo 

for ^/n < (Ao — A — 1)VU, where zq — -^e(|), 

Xn^Vu + Vn + iy + rj- (4.45) 




VU + h — Zo Xn — Zq 

Fig.4.1 

Repeating the proof of (4.38) and (4.41), we have 

IZ^nhiv) + rinhiv) + Itnhiv) + 4nhiv) «. (4-46) 
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Hence 

"ho 



1 /""o 

= YJ, Io(l)'lh + 0,(U-'>°)^I„(,,) + 0,(U-'>°) 



Xn—ZO 



By (4.1) and (4.2), 



1 iTr(x„+pei^)+X(VU+v+u))^ 

Gx{xn + pe{-),v) = e ^ 

= Ga+i(V^,77)(1 + Ci(n)p + C2(n)p2 + Cs{n)p' + 0(^)), (4.48) 
Ci(n) < C3(n) < 



and 



PFA(r7)e(-4) = e{-{\ + 1){VU + 7] + uf - 2^/^{^/U + 7] + p) - n) 
= W^A+i(r;)e(-2x/^(yt7 + r; + i^)) 

for e(— n) = 1. Therefore, 

e(|) WA+i(r7)G'A+i(v^, v)e{-2V^{VU + tj + p)) 



{VU + V^ + i/ + 77)" 
X e(-2V)(l + Ci(n)p + C,{n)p' + C,{n)p' + 0(^))(1 + 0(-^)) 



e(|)M^A+i(?7)G'A+i(v^,?7)e(-2v/^(v^ + 77 + i/)) , 1 « 

-(1 + C2o(n) + 0(— ) + 



V2(v^ + v/^ + i/ + 77)" ' ^ ' 'U^' {VUY' 

(4.49) 

where 

C2o(n) « C^o(^) « 77^- (4-50) 
U UyxU 

It foUows from (4.42) and (4.49) that 

S*M = e{-^-)Wx+M E o?(n)n-iGA+i(V^,ry) 

VH<(Ao-A-l)yc7 
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2 

X 

a 

where 

2 



2 

E 7a , ^ ^//^'^f , e(-2V^(x/Z7 + + J.)) + 5i + 52 + 0,(t/-i), (4.51) 



VH<(Ao-A-l)Vc7 a=0 VV V / vv / 

< U-""^ ^7-3/^+^ < £ = 0(-^), (4.52) 

logL 

^<{\o-\-i)Vu 

^'"(47rV^(Vt7+V^ + r7 + i.))" ^ ' 
= e(-^)iy,+i(77) 

X J] C2o{V^)d{n)n-'^e{-2V^{Vu + r] + u)) + 0{U-^^^). (4.53) 

v^<(Ao-A-l)v^ 

By (4.51) and Lemma 3.4, 

S2 < C/-'/'+^ <^ C/-^/^+^ < £ = 0(-^). (4.54) 

logL 

The last inequahty has been used the explain (1.32). Thus, by (4.51), if A = Aq — 2, 
then 

SUiv) = Sx,-i{v) + K-M + 0,{U-'/'^^); (4.55) 
if < A < Ao - 1, then 

Slirj) = Sx+iiv) + Sl^M + Sx+iiv) + 0,{U-'/'+n, (4-56) 

where < £ = ^(13^) 

<^A+l(^) = 

2 / — 

(4.57) 

Taking f(n) = -7?? — ^ ^ in Lemma 3.5, we know that the inner sum is <C 

a>l, that is 

5xM « < £ = 0(-^). (4.58) 

logL 

Finally, (4.6) follows from (4.55), (4.56) and (4.58) and the proof of Lemma 4.1 is 
complete. □ 
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Lemma 4.2 Let 

Si{r])= d{n)n~h~^e{-2^/n{\/U + r} + u) 

^S^{ri)+ y d{n)n--^e-^e{-2V^{Vu + r] + u) -I), (4.59) 

o 

•^il^) = f2sUv) + f2s^{v) + 0,(^-3/^+^), < £ = O(-l-), (4.60) 

A=l A=l ^ 

where 3^(7}), r], v are as Lemma 4-1, and 

X j2,J-^^^±^p^^±^l±^, (4.61) 



a=0 i^TTy/^WU + y/E + ri + u))" 

- (.)M2vyZ7 + , + .) + !)_ (4.62) 



Proof: Sine 



^ (47r0I(\/Z7- V^ + 77 + i/))"' 



'5A(ry) = ^A(r/) Yl d{n)n--^GxiV^,rj) 

' :-^)°e(-2v^(v^ + ^ + '^) -l; 



""S^"" (47ry^(v/f/ + 7^ + 77 + 1/))^ 
W^A(r?)( E + E )' 



then by Lemma 4.1, 



= E'^.+ l^) + E ^A(r;) + 0,{U-'/'+% (4.63) 



2 

A=l A=0 
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where S^^{r)) <S e is used, and 



Hx{ri) = Wxiv) Yl ^^^^^ ''Gx{Vn,v) 



2 

' {-t)''e{-2^{VU + ri + u)-l) 

X / ^7a- 



= Wxiv) J2 din)n--^Gx{V^,r))e{-2V^{Vu + r) + iy)-^) 

+ 0(f/-=^/^+"), (4.64) 

the 0-term is given by the proof of (4.58). 

The following proof is similar to Lemma 4.1. Since 



o<{(Vr}<7'(V + ^) - Vr< 



2'J-4"2 ' 2' - L3/2 

for < < ; then we have the corresponding (4.9). If replace VU by VU/2 in 
(4.18), we have also 



e(±2ry(^)) = 1 (4.65) 
for ?7 = ?7i + • • • + ?7i^, r^j = or fci/ \/Z7. Similarly, we obtain that 

H,{rj) = V2e{l) J] d{n)n-'^ j^^^i^^^j^M + 0,{U-'/% (4.66) 



a=0 



(different from (4.42), present main term is j^^, because x e (^, a/C/ + h)) where 
X Wxiv) , /•^+''GA(a;,r;)e(a;2 + 2a;(V^-%/Z7-r^-i/))dx 

^ W^A(r?)e(-4) /■'^° /■^+'^ G,(a;,77)e((a;-a;„)^)dx ^ 
ho Jo J^+h 

x^^Vu + ri + u-^/^. (4.68) 
Repeating the proof of (4.51) we see that 



^a(^) = e(-)W^.(r^) J] d{n)n-'^e{-xl)Gx{x^,v)Yl 



a 



^47r (47ri/na;„)" 

+0^(C/-3/^+^). (4.69) 



Since 

Aw(y/U+n+v-Jn+\(Vu+r]+v))'^ ^ 

Gx{xn.v) = = GxM-V^,v) (4.70) 
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Wx{r])e{-xl) = e(-(A + 1){VU + rj + iyf + 2V^{VU + r] + iy)+n) 

= Wx+i{r])e{2V^{Vu + 7] + z/)), (4.71) 

then by (4.69), 

H,{v)^S^^,{v) + 0{U-'/'-'% (4.72) 

where e — 0{j^) and S^{7]) is (4.62). Thus, we obtain (4.60) immediately by (4.63) 

and (4.72). The proof of Lemma 4.2 is complete. □ 

Lemma 4.3 Let 

Ao = &o = [Co'L], Co > 200, (4.73) 
where rj is (1.15). If \ < {2VUv} < |, then 

ReSi{r])^-Re d{n)n~^e~^e{-2^/n{VU + rj + i/) - ^) 

2 — ^ O 

2 



X y 7«( )" + OJC/-3/^+^), (4.74) 



— z 

where S^irj) ts (4.59), e ^ 0{^). 

Proof: By the definitions (4.1) and (4.2) of Gx{Vn,r]) and Wa(77), 

, — , 47rn 

G'o(V^,r7) = e-^, (4.75) 

Woiv) = 1- (4.76) 

By Lemma 4.2, 

S^iv) = E('^A (^) + (^)) + Or,{U-'/'^n, e = 0(— -). (4.77) 



Since 



'logL 



^ ^ +(V^)i-"5„(n), (4.78) 



where 

(5„(n) = ^(^ ^- 7= ^- )<^^ ,(4.79) 

(V^ + 77 + i/-v^)" (v^ + 77 + i/ + V^)" (Vt/)°+^ 

5;,(x) < , V , (4.80) 

moreover, 5a{n) = for a = 0. By Lemma 3.5 , 

2 

Y.^o.{^T E rf(r^)n-^(V^)^-"5a(r^)GA(-V^,r7)e(2V^(^/Z7 + 77 + I/))«t/-3/^+^ 

(4.81) 
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This and (4.62) give 

^a(^) = Wxiv) E d{n)n-'^G^{-V^,r))J2^o.ei2V^{VU + ri + u) + -) 



^(^T^T^T^TTf— + 0{U-'/'^% e = O(-i-). (4.82) 
47r^(^ + VU + ri + u) log L 



It follows from (4.77), (4.82) and (4.61) that 



2 



Si{v) + Siiri) = ^t^(^)^ 



X ((-i)°e(-2V^(\/t7 + 77 + z/) - hN{n) 

o 

+ (-«)"e(-2y^(yZ7 + + z/) - ^)iV(n)) + 0^(t/--^/^+^),(4.83) 

8 

where 

Nin) = Wx{v)Gx{V^, v) + Yl WM^Ga(-%A^, v)- (4-84) 

A=l A=l 

Putting A = — A' in the second sum, note 



W.xiv) = e{X{Vu + v + i^)) = Wxiv), (4.85) 
G_A(-V^,r/) = e-- ^ - G,{V^,v): (4-86) 



we have 



bo 

N{n) = Yl Wx{7j)Gx{y/^,7j) 
A=-6o,A^O 

, 4-R(^/n+X(\/U+ri+v))^ , „ 

= -Wo{v)Go{V^,v)+ Y ^ -e{-X{Vu + r} + uf) 



X=-bo 

_e-^+ Y e-'^e{-X{Vu + r, + uf) + 0{U-'% 



A=— oo 



where 



Using 



Vi = ^ , 6„ = . (4.87) 



e{-X{Vu + r] + uf) = e{-X{U + 2r]Vu + 2uVu + {r] + uf)) 

= e{-X{{2uVU} + {v + uf)), 
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for U — [U], r] — ki/VU, where ki is an integer, we have 

oo 

N(n)^-e-'^+ J2 e-^^'+'-^\(-X({2uVu} + {rj + uf)) + 0(U-''). 



A=— oo 

By Lemma 3.2, 



A=— oo 



Since | < {2uVU} < |, {r) + vf = 0{L-^) and 

Vi = = ClL{l + 0(1)) > 

then 

N{n) = -e ^ + 0{-\/Le 200-) 

= -e"^ +0(f/-^°). (4.88) 
By (4.83) and (4.88) we obtain (4.74). The proof is complete. □ 



5 EVALUATION of S{B) 

Now we evaluate S{B) in (1.19), i.e., 

S(B)^A ^ e-^'^'^'de Y d(n)n^, 

where >1, B, ^1, ^2, • • • are (1.10)-(1.18). 

By Lemma 2.4 and taking ckq = 2 in (1.12), 

^(S) = y2d{n)A e-^'^^de x~^e{nx)dx + Si(B) + 0(si) 

n<N -J-^ J{BHi+9r 

2 . „5VT 



„<Ar a=0 ^ ^ — 

+Si{B) + 0{U-l) + 0{ei) (5.1) 
for any £1 > as > N(ei), where 

"3+^2+9 cos(47rVnx + ^ + ^)dx 



jna{e) = / 



+e 



= Re e(Q;/4 + 1/8) / ^ ^^-^^ — , (5.2) 
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Si{B) = A I e""^ d9 / x-{logx + 27)(ix. 



The inner integral of Si{B) is 

2 / (S + x) 5 (log(S + + 27)dx = V CfcTy'^ + 0(U 

Let B' ^B-r]^VU + ^ (see 1.11). Then by (3.37), 

Si{B) = Si{B' + ri) = 0,{U-''). 

By (5.2), we have 

j„c«(^) - Ree(a/4 + l/8)(-A-V ^ 



)■ 



'47riv/n(S + x + 6')° 



n 



2 , „ svT 



The integration by parts for 9 gives 

A f " e-'^^'^'i„«(e)de « ^ 

Therefore, 
By (5.1), (5.4) and (5.5) we obtain 

If > C^LVU, then 



Ree(a/4+l/8) / e{2y/E{B + x))dxA ^ e 

7a J- 5^ 



Moving the inner integral line of (5.7), we have 



I i J. I i J. 5^ /r^ / \ T 
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As w e h, w ^ +iv,0 <v < and 



\e{2^w)\ = \e{2i^v)\ = e"^"^". (5.9) 



Hence 



io 



In the same way, I3 <^U . When w e /2, w — m + By (5.9), 



|e(2V^w)| = e^oVu ^ ^-^^CoL ^ ^-4o^ ^ C^Lx/Z/. 
Hence 

Therefore, 

e-^^"'"jna{e)de^U-''^ (5.10) 

for > ClLy/U. If 60 is (4.74), i.e. 

h^^iClL], (5.11) 

then 

(foo+l/2)^/^J<^AI<^7lo 

This and (5.6) give 

s{B) = 2^2 ^N^^ E 7i^4)^ IZl '~^''^'^Jna{e)de + o,{u-% 

Vn<(6o+l/2)Vc7 "=0 ^ ; ^ 

(5.12) 

where jna{0) is (5.2). By (5.12) and (5.2), 



S{B) = 2v^Re f\n{B + + Ti(S + 0)^^^ + C>^(t^~') (5-13) 
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where ^i, ^2 are (1.18), 

ro(B + «) = 



Ti{B + i) 



= e(l/8) Y d(n)n^A f e-""^"^' e(2^/E(B + ^ + e))de 

+ (5.15) 
for e(^) = with 

2 



MB+0^.(i/8)E(^ 

a=l ^ V / 



. 5VT 

X 

v^/2<VH<(6o+l/2)^ 

Using Lemma 3.4 for the inner sum, we have 



f-^ ^-.A-e^ ^ d{n)n=^e{2^{B + i + d))dd 



5i{B + ^) <^U-^+'. (5.17) 

The inner integral of (5.15) is 

A r e-"^'^'e(2v^(V^ + ^ + 9))d9 + ©(e"^') = e"3^ + ©(e"^'). 
>/ — 00 

Hence 

Ti(5 + = e(l/8) J2 ci(n)n^e"^e(2V^(5 + 0) + O„(t/"'+'). (5.18) 

Vc7/2<v^<(6o+l/2)^ 



Therefore, 



5(5) = 2\/2Re [^\to{B + + Ti(5 + 0)^^^ + 0^(t/-^+"), (5.19) 



where ro(5 + C) is (5.14), Ti(5 + ^) is (5.18), ^i, 6 are (1.1^ 
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6 EVALUATION of Ti {B + 

We are going to evaluate (5.18). For Q < h < ho = 1/U, U = [X] 

0<{^ + hf-^ = VUh + h'<y, 

rU, 3 

Hence there doesn't exist any integer in the interval ((^)^, + h^]. So that 

=0, iorO <h<ho = l/U. (6.1) 

VU/2<^<VU/2+h 

In the same way, 

E =0- (6-2) 

(6o+l/2)\/c7<V^^<(foo+l/2)^+/i 

It follows from (5.18) that 



Ti(5+0 = r dh V d(n)n^e"i5^e(2V^(£+0)+O,(t/-i+^), 

(6.3) 



"ho 

dh 

VU/2<^<{bo+l/2)VU+h 

where ho — 1/U. By Lemma 2.3 



n<N ^0 J{VU/2+hY 

+Tu{B + i) + 0{e{) (6.4) 
for any £i > 0, as A?" > N{ei), where ©(nx) is (2.12) and 

Tu{B + ^)^^-^ dh x-e^e{2^{B + ^)){\ogx + 2^)dx 

ho Jo J{Vu/2+h}'^ 

Opf-i /o\ rho /■{bo+l/2)Vu+h 2 

^ ^ ' ' / dh I x-^e-^e{2x{B + i)){\ogx' + 2-i)dx. (6.5) 

ho Jo J\/U/2+h 

Changing the inner integral line of (6.5), we have 

rio 

-ho i'VU/2+h+i 1-030 + 1/2)^11 +h+i /'{bo+l/2)VU+h 



X 



dh{ + + )e{2z{B + 0)fi{z)dz 

Jo JVU/2+h Jy/U/2+h+i J {bo+l/2)VU+h+i 

--^T^ dh{hHiB + + J2h{B + + hhiB + 0), say (6.6) 

It'O Jo 
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where 

fi{z)^z'/'e=^{logz' + 2^). (6.7) 

Furthermore, 

Iih{B + ^)= [ e{2{B + ^){Vu/2 + h + z))fi{VU/2 + h + z)dz 
Jo 

= f e{2{B' + ^){Vu/2 + h + z))fi{Vu/2 + h + z)e{r]{Vu + 2h + 2z))dz, 
Jo 

where B — B' + rj. By (1.14) and (1.15), e(r]VU) — 1, hence, by Lemma 3.6 
e(r]{Vu + 2h + 2z)) = e{r]{2h + 2z)) = 0^(t/-^^). 

Therefore, 

hhiB + «, U-'^' C \f{Vu/2 + h + ip)e{2{B' + i)ip)\dp «, U''"''. 
Jo 

In the same way, 

/3,(5 + o«, 

When z G hhi^B + z = x + i. Thus, 

\e{2z{B + i))fi{z)\ < Vt7L|e(2(5 + e)^)| = ^^U Le-^<''+^\ 

Hence 

l'(bo+l/2)^^U+h 

hhiB + « V^Le-^'^(^+«) / dx « U-'\ 

JVU/2+h 

Therefore, by (6.6), 

T,iiB + 0=O^iU-''). (6.8) 

Putting X — xf in the integral (6.4), taking ao = 2 in (2.12), noticing 2cos27rx = 
e{x) + e{-x), e(f ) = i", by (6.4) and (6.8) we obtain 

T^{B + = T+(i? + + Tf (5 + + 0,([/-i9) + 0(£i), (6.9) 

where 

r±(i^ + = E ^W^"'^' E 7|^^-(^ + (6.10) 

a=0 ^ V J 



n<N 



■± + ^(VS^yS) rf/, /'(^°+^/^)^+' e^e(2x(i? + e±V^))cix _ 

^0 Jo JvU/2+h 

If > 2Vt/, then 



-4T!(x+hy 



e(l/8 ± 1/8) Z"^" e(2(x + /i)(S + ^ ± V^)) 



(S + e±v^)(x + /i)" 



x= (&0+l/2)^ 
x=\/U/2 
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Since 

!720<n<Ar ^ 

for a > 0, then by (6.10), 

Tt(B + 0-V2 d(n)n-'/'i2Tr^^na(B + + O{U-'). (6.13) 

Let z — X + iy, we see that 

|e(2(B + i± x/^))| = e(2iy(5 + ^ ± y/^)) = e-4'^2/(«+«±v^) . (6.14) 
Using the path (6.6), repeating the proof of (6.8), we obtain 

j+„(S + = 0,{U-''), for n > 1. (6.15) 
In the same way, if ^/n < VU — L^, then the right side of (6.14) is 

^-4^y(BH-V^) ^ e-^'^y^^ y>0. 

The path (6.6) gives also 

JnaiB + = 0,{U-''), forV^<VU- L'. (6.16) 
If ^/n > VU + L^, then moving the inner integral line of jna{B + ^) to 

pVU/2+h-i i'{bo+l/2)VU+h-i i'{bo+l/2)VU+h 

/ + / + / 

JVU/2+h JVU/2+h-i J{bo+l/2)Vu+h-i 



noticing 

for z = X + iy, y < 0, we have also 

JnaiB + «. U-'\ iorV^<VU- L\ (6.17) 
It follows from (6.9), (6.13), (6.15), (6.16) and (6.17) that 

+ 5 + 0^([/-2) (£i^0+), (6.18) 
where j~a{B + ^) is (6.11) and 

2 7-7--19 
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Next, we evaluate J„a(-B + a — 1,2. Using the integration by parts, It is easy to 
know that 

Jna(^ + 0« 



or. 



Hence 



Moreover, 



JnaiB + O « TT / I 
"-0 Jo Jv 



Vu/2+h {y/UY 



{Vuy 



ina(^ + 0<min( 



"=1 -L2<VH-7C7<L2 



d{n)n 



-3/4 



I I > , I 



logL 

This and (6.18), (6.19), (6.11) give 

Ti(i? + = V2 d{n)n-''^3-^{B + + 5 + 0,(t/-t+^) 

-L2<7Ti;-x/c7<L2 



\{B + if-n\ 



(6.20) 



"T— / (i/i din) 
ho Jq ^ 



-1/4 



-L2<yH-yc7<L2 



6o-hl/2)7[7-h/i 



\/U/2+h 



e~^e{2x{B + { - ^/n))dx 



(6.21) 



By Lemma 3.4, 



J] d(n)n-^/^e(-2V^x) < < 

-L2<y7^-7[7<L2 



Hence 



1 rho r\ 
- dh{ 

h-o Jo Jsf\ 



-ho pVU/2 i'{bo+l/2)VU+h _^ 2 

+ / V d{n)n-^/'^e{2x{B + ^ - ^)) 
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< — / hdh < Q<e = 0{- — -). (6.22) 

^0 Jo logL 

It follows from (6.21) and (6.22) that 

Ti(i? + 

(6.23) 

where bo ^ [0^1], < e ^ 0{^). 



m 

7 EVALUATION of SUM ^Ti{B + ^ 

Let 

then by (1.10), 

B + (-B, + ^. (7.2) 



Moreover, denote 



m m J 

ik=0 fe=0 



where Ti{B) is (6.27). In this section we are going to prove that 

— ) 



m , 

Re{Q,{B,)) = ReY,T,{B, + -^) 



k=0 

= E d{n)n-'/' + Re6Q,{B,), (7.4) 

o<V^-B,<^ 

where 5^,(^0 « C/i+^ , < £ = O(^) = 0(^3^). 
Proo/ of (7.4): By (6.23), (7.1), (7.2 ) and (7.3), 

Qi{Bi) = V2 V (i(n)n-^/M e-^e{2{Bi - y/^)x)p{x)dx 

-L2<^_V^<L2 2 

+0,(^7-^+^) (7.5) 
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for m < VUL'"^, where < £ = 0{j^) and 

xk 

k=0 



m 



By Lemma 3.3, 



where 



= Po(a:)+pi(x)+p2(x)+0(C/-^), (7.7) 



Po(x) = ^ / e((^ - b)u)du, (7.8) 

6=1 -^0 V 

, . 11, XTTT- , 1 V — > , XU . /_ N 



pJx) = V' / e((^ - 6)K)dK = y 7-^^^^-— (7.10) 

for e{-hv) = 1, = 0,m, and XI' is for U'^^ < 6 < 0, or 6o + 1 < ^ < It follows 
from (7.5) and (7.7) that 

Qi{Bi) = Qw{Bi) + Qu{B,) + Q,,{B,) + 0,(^7^^), (7.11) 

where 

gi,(5i) = V2 Yl d{n)n-'/^Jj{n), j = 0, 1,2, (7.12) 

-L2<0I-x/[7<L2 

J,(n)= / e-^e{2{B^-y/n)z)pj{z)dz= [ = [ , (7.13) 



C is from ^ to (6o + 1/2)^, is the broken line joining the points ^ ± iA/2, 
(6o + l/2)v%±iA/2 and (bo + l/2)VU. 



CI 



2 



c: 



Fig. 7.1 
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By (7.10) and (7.13), 

47r2^ 

Ef e~^e{2{Bi + - ^Jn)z)dz u=m 
/ , . (7.14) 

It is obvious that the integrand is analytic for ^ < Re z < (6o + l/2)-\/c7, as C/~^° < 

6 < 0, or 6o + 1 < & < U^^- For z = X + iy, ^ < X < (6o + l/2)v^, -A/2 < y < A/2, 
we have 

|e ^|=e ^2 <e (7-15) 
|e(2(Si + ^ - ^/^)^)| = e-'"^^^^+57^-^). (7.16) 

If < -Bi + then moving the integral line C to C^, we see that 



Ic 



1^1 + / + / ) 

^C'a + ¥ J{bo+l/2)Vu+i^ 



2vr.(^ - 6) 

= h + h + h, say (7.17) 
Clearly, for 6 < or 6 > 6o + 1 and 

we have 

,4 g-i..fB.+^-.^)^^ 



1 1 



1 _ 1 

In the same way 

By (7.15)-(7.18), 

\b\ + l 



1 

i\b\ + ^)\Bi + ^-M 
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Hence the integral (7.17) is 

Ic ^ i\b\ + l)\B, + ^-M ^^-^^^ 

for ^/n < Bi + If ^/n > Bi + then moving the path C to Cj, we have also 
(7.19). Hence, by (7.14) we obtain 

u=0,m ' iVL' ^ ' 



In the same way, 



tl=0,m_r2^,A7_,/f7<r2 ' ^ 2a/c7 I 



21 



Therefore, it follows from (7.12), (7. 20), (7.21) and Lemma 3.1 that 

_ Ld{n)n-^/^ 
LB 

-L^<^-VU<L'2 

« C/i+^(l + 5^ i ^ „ + . . )), (7.22) 

where £ = ©((logL)"-*^). Moreover, 

= {[/ + j+M + 2yZ7(r^ + e) + (^+r; + 0'} 

= {2yc7e + 0(L-^)} 

for u^O,m, 2^/Ur) = 2ki, j,u VUL'^, rj < L'^. Hence by (1.18): | < 2\/Z7^ < |, 
we have 

1 7/ 4 

- < {(Si + ^)n < -. (7.23) 
Furthermore, by (7.22) and (7.23), we have 

gii(Si) + gi2(Si) = « c/?+^ (7.24) 
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This and (7.11) give 



-L^<^-VU<L'2 
bo pm 



where C is from ^ to (60 + \)\/U , Sq^^ <C U^^^ and 

fnbiz, u) = e-^e(2(£i - + " b)u). (7.26) 

Clearly, 

/■m 

du Yl - du{ y: + E ) 

/•m /•M2{n) 



yc7-L2<V7I<i?i + ^ ^Mi(n) Bi<^<VU+L^ ° 

where 

Mi(n) = max(0, 2-/U{^ - Bi)), (7.28) 
M2(n) = min(m,2^(Vn-Si)). (7.29) 

Using 

/ fnbiz,u)dz 
Jc 

where be as Fig 7.1, by (7.25) and (7.27) we have 



Q,{B,) = ^^(«;+(6) +«;-(&)) (7.30) 



&=i 

where 



<^Qn=0([/i+^), £ = 0((l0gL)-l), 
r rm 



a/c7-L2<^<Si + 



d{n)n-'/' ' ^ ,..^-(7-31) 
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In the same way, 



w-{b) ^ J2 d( 



n)n 



-1/4 



e-^e{2{B, + ^-^)z-hu) 



Bi<VS<%/c7+L2 

For a function gn{u), by (7.28) we have 



u=M2(n) 



«=0 



(7.32) 



a/c7-L2<^<Bi + 



«=Mi(n) 



2vl7 

y/U-L'^<^<Bi 



-in 



5'n(Mj 



Bi<^<Bi + 



2vt7 



u=0 



X ^n(2v^(v^-5i)) (7.33) 



0<v^-Bi< 



Likewise , 



5'n(«j 



«=M2 (n) 
u=0 



E „=0 + E ^n(2^(x/^-i?l)) 

Noticing e(— 1*6) = 1 for i* = 0, m, and 



(7.34) 



e(2(i^i + ^ - V^)^ - H 



e{-2bVu{^ - Bi)) = e{-2bVnU + 2bVu{Vu + + V + 0) 



2VU 



= e{-2bVnU + 2bVuC) 
for 77 = ki/y/U, we know that (7.30)-(7.34) deduce 
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Q,{B,) = 72 XK(^) + ^r(^) + ^o(^)) + ^Q"' 



(7.35) 



6=1 



where 



'"^i'(^) = d{n)n 

VU-L'2<V^<Bi + ^ 



-1/4 / e-^K2(I?i + ^-v^).l 



dz 



-.0 (7-36) 
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u=m 



w-{b) = y d{n)n-'" / . ^ ^ ' ' dz (7.37) 



Bi + ^<V^<VU+L'' 



2 

wo{b) = ^ d(n)n j _ 



e-^e{-2by/nU + 2bVU^)dz 

In- n+ 

2 

yZ7e"^e(26yZ70 ^1 d{n)n-^'^e{-2b^/nU) (7.38) 



0<VH-Bi<^ 

Repeating the proof of (7.24), 

6=1 ^ 

we obtain from (7.35)-(7.39) that 
Qi{Bi) = V2Uy^e-^e{2bVUi) d(n)n-^/^e(-26ynC7) + (7.40) 

6=1 o<VH-Bi<^ 

where = Sq^^ + ^q^^. Therefore, using e{{U + n)6) = 1 and 

e{-2bVnU) = e((C/ + n)b - 2bVnU) = e{b{^/n - Vuf), 

we have 



where 



U 

0<^/n-Bi< 



= ^ E ^H^-'/'A^H + ^Qn, (7.41) 

v2 „^ ^ „ ^ ^ 



bo 2 



N{n) = 2Ee~^e(6(2V[7C + (V^- V^)^)) 

6=1 

= 2Ee-'^e(6(2v^e + (v^-v^)')) + 0(C/-^°), 



6=1 

the last equahty is given by 



for 6 > 6o = [cm, Co > 200. By Lemma 3.2, 

°° 2 

Re7V(n) = -I + e{b{2Vui + {^/n - \/uf)) + 0{U-^^) 

6=— OO 

. CXD 

^ _1 + ^ \^ e-#(2^$+(VH-Vc7)2-6)2 ^ o([/-ion 

2yZ7 ^ 



6=— OO 
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By (7.41), 
Thus, 

for 

Hence 



8 - ^ - 8 



OO o o 



Q,{B,)^-^ J2 d{n)n-y' + 5Q„ (7.43) 



-2VU 



ReN{n) = -1 + 0(^/Le-^) + 0(v^ J] e"^) + 0(C/-^°) 

6=1 

= -l + 0(C/-^°). (7.42) 
It follows from (7.41) and (7.42) that 

where 6q^ = Sq^^^ + ^q^i < C/5+^, < £ <r The proof of (7.4) is complete. □ 
Note 

For other application to be able, let us write down the accurate 5q^{Bi), the 0-term 
of (7.43): 

bo 

Sq,{B,) = 6q,, + 6q,, = Qn + Qi2 + V2j2iwt{b) + wi{b)) + 0{U"^+<''^), (7.44) 

&=i 

where e{U) <S 1/ log log C/, 

Qi.(5i) 

= V2 E c?(n)n-V4 J^e-^e(2(5i - V^)^)pj(^)(i^, 

-L2<V7I-y[7<L2 

J = 1,2, (7.45) 

1 1 2;m 



f( — ) 



«=o 



/■ t(=m 

^+(6) = J] d(n)n-V4 / ^ f^,{z, u) dz, (7.46) 

VU-L-2<Vn<Bi + ^ 

r u=m 

w^{b) = Yl d{n)n-'/* _U{z,u) ^^Jz, (7.47) 



Bi + ^<V^<VU+L2 
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where C is from y/U /2 to (60 + 1/2) v^, E' is for -U^^ <6<0or6o + l<&< 
C± is Fig 7.1, 

f ( ^ e-^e(2(^, + ^ - y^).) 



m 

8 EVALUATION OF SUM J] T{B + ^ 

Let 

Q(SO = E^(^ + 0-E(^o(i?i + -7=)+ri(Si + -^)) 
fc=0 fe=o "'^^ 

= Qo(5i) + Qi(fii), say (8.1) 

where To{Bi) is (5.14), Ti(Si) is (5.18) and 

Bi = Vu + + + e, ^ < \/Z7l-2. (8.2) 
In this section , we are going to prove that 

m 

Reg(Si) = 2yc7 V d(n)n~3e"^ / cos(47rVn(Si + x) + ^)dx 

+Re 5q(Si), (8.3) 



where 5q -C L'"4+'^. 

(This equahty is a key of success of our paper. But if there was no sum of the right 

ra m 

side, we could replace k and E 'S'(-B) by A; + A;' and E 'S'(-B), respectively, and we 

A:=0 k,k'=0 

should be succeed, although it would be more numerous.) 
Proof of (8.3): 

First, we evaluate further Re Qi{Bi). By (7.23): 

9 - 2Vu' ^ - 9 

for u = 0,m. For A = CqVUL, Cq > 200, < ^ < ^ and m = 0, m, we have 



\{Bi + -^ + oy-{B,+ 



\2| 



\0\\2Bi + ^ + 0\ < ^_(2x/c7 + 0(l)) < (8.4) 
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Hence it does not run over any integer number from {Bi + ^^)^ to {Bi + + 9)" 
when u — 0,171. So that 



-,-/L 



E = D. 

Jo „^ ^ ^ „ ^„ 



. 5VT 



.e<VH-Bi-^<0 



Hence 



. 6\/r 



A — « . / — T-» ^ m. 



n V4 



0<VS-Bi<^ 



(l + 0(C/-^°)) 5] din)n-'/\ (8.5) 



where the last equahty is given by 



A / e-^^'^'d^ = A / = 1 + 0(t/-^°). 

J-OO 



A 



It foUows from (7.4) and (8.5) that 



5\/L 



n 



+5Q,(i^i) + 0(t/-^/^+^(^)), (8.6) 
where 5q,(Bi) < C/V4+e(c/) jg (7 43) gy Lemma 2.4, 

/FT 4 sVX fi^i I ^ I 

+&, + 5q,(Si) + 0(C/-V4+^(^)) + 0(£i) 

n<7V a=0 ^ ''^ A 

+ 5q,{B^) + 0(C/-V4+-(^)) + 0(£i) (8.7) 
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holds for any £i > as > N{ei), where 



Jna{0) = / dx, 



Bi+e 



7_5%^ J Br 



'Bo+e 
where 

Bo^B,-rj^VU + -^ + t 

2v U 

6^{7]) = {x + r;)^/2Qog(^ + ^ 2^). 

By Lemma 3.6, 

(the definition of "-Cr? " see (1.28)), we know that 
Moreover, 

" e---^^^'j,„(^)ci^ 

.5^ 



^ .o„, sin(47rv^(x + ^) + f + ^=-^1+ 



5^ 47^^yn[x + 9)°' 



2^/t7 
a;=Bi 



A 



Jbi 47rv^(a; + ^)"+i 



A 

A 

n(\/Z7)« 

where the last inequality is given by the integration by parts for 9. Hence, using 

for a > 1, by (8.7), (8.10), (8.12), (8.13) and putting ei 0+, we have 

Re Q,{B,) = -2VU Y d(n)n-^/*A / e-""^'^' jno(9)d9 

— ^ / 6Vl 

+gio(5i) + Re 6q,{B,) + 0^(t/-i/^), 
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where 

Vn<^ a=0 ^ V ; — 



Furthermore, 



A 



/ dxRe A I e-^^^'^\{2^f^{x + ^) + 1/8)^^ 

/ ' da;Re e(2^^a; + 1/8)A / e""^'^'e(2x/^^)d^ + 0{U- 

Jbi J-oo 



47rri 

= e A 



'Bi J —oo 



3^/ ' ''cos(47rx/na; + 7r/4)(ia; + 0(t/-^°) 

m 

= / cos(47ryn(£i + a;) + 7r/4)cia; + 0(?7"^°). (8.16) 

Noticing e"^ < for > 6oV^, it follows from (8.14) and (8.16) that 

m 

Regi(5i) = -2VU 1^ { V ci(n)n-3e~^cos(47rx/n(5i + a;) +7r/4))cia; 

^<^/n<hoVu 

+Q,o{B,) + 5q,(Si) + 0,(C/-V4+^(^)), (8.17) 

where Qio(5i) is (8.15), Sq,{Bi) < f/3+^ is (7.43). 
Next we evaluate Re Qo{Bi). By (5.14) and (7.2), 



k=0 

_ ^— n V ^ 7— 



xe(2V^(Si + ^))p(n,Q;,^)d^, (8.18) 
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where 



p(n.a.^) = i: (8.19) 

fe=0 K^i^^^ 2VU> 



By Lemma 3.3, 

e{^)du 



P{n,a,0) = / —-f-^ + ps{n,a,9) + 0{U-') 
2^ e(20I(a: - Si - e))dx 



where 



'Bi+0 X 

+ps{n,a,e) + 0{U-'>), (8.20) 



, V- /-e((^-%)dt. 1 

ps{n,a,e) = ^ / ^ + 



u=0 



It is easy to prove that in Lemma 3.5 , 

/5L 2 

< C/V4+^ (8.22) 
Then by (8.18), (8.20) and (8.22), we obtain that 



go(50 = 2^e(i) d{n)n-y^j:^.{^rA [ ^^^^ 

^^-.A^e^ r-^^^' ^Sbl^dx + 5q,{B,) + 0(f/-V4+^(^)), 



where 5q,(Bi) < is (8.22). Hence 

Re go(5i) = -gio(5i) + <5qo(Si) + 0(t/-V4+-(^)), (8.23) 
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where Qio(Si) is (8.15), 5qo(^i) is (8-22). It follows from (8.17) and (8.23) that 

ReQ(5i) = Re (Qo(5i) + Qi(Bi)) 

m 

/ f 2VU , X ^ / ^ 1 47rn 

= -2y/U / ( V d{n)n—^e-^ 

^<v^<6oVc7 

X cos(47rv^(Si + x) + 7r/4))dx + (5q(Si) + 0^(C/-V4+^(f^)). (8.24) 

Taking i/ = + a; in Lemma 4.3, we have u = 0{L~^). By (8.24) and Lemma 4.3 we 
obtain 

Re Q{Bi) = 



2 



r, 777 /"^^ ,/ \ -1 _42^i 7a cosU7r^/n(Bi+x)+7r/4: + a7r/2)dx 

- 2VU / > d(n)n ^ \ —!— ^ — ]_ ' — — — 

Jo (V^(v/^ + Si + x))" 

+Re 5Q(5i) + 0,(t/-i/^+^(^)) 
= 2VU ^ d{n)n~^e~^ / cos(47rVn(Si + x) + 7r/4)dx 

+Re S, + Re 5q(Si) + 0^(C/-V4+-(f^)), (8.25) 
where 5i is (8.2) and 

Sq{B^) = <5Qo(Sl) + <5Q,(i?l)«[/V4+-, 



5, ^ 2VU J2 di^>'"'Y.T^^a^ I (8-26) 

/rr^^ a=l ^ ''~^4~ 

jan{0) = 



57^+'' cos(47rVn(5i + x) + 7r/4 + aT^/2)dx 



(y/n + Bi + x) 



1 r 

<^ , , for a > 1. 
VnU 



Hence 

5g< J] c^(n)n-^/^ = 0(1). (8.27) 

By (8.25) and (8.26) we obtain (8.3) and the proof of (8.3) is complete. 
Note 

Like §7, we need to write down the accurate Sq{Bi): 

5q{B^) = 5q,{B^) + Re5Q„(5i) + 5,(5i), (8.28) 
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where Sq,{Bi) is (7.44), Sg{Bi) is (8.26), Sq,{Bi) is (8.22), i.e. 

2 



cos(47ri/n(5i + x) + 7r/4 + aTx/2)dx 



^1 

Je 
27r 



5VT 



(^Ai + Si + x)" 



_3 47rn 

n 4e ^ 



VTj 



X 



E 

q;=1 



7a cos(47r\/n(-Bi + u) — 7r/4 + a7i/2) 



u=0 



+0(C/-V4+^(^)), 



(8.29) 



5^ 

5Vl 
A 



xe{2^/^{Bl + 9) + l/8)ps{n, a, 9), 



moreover, 

ps{n, a, 9) = 



y 

u^oJ^u^o,^o^^i{^-bm + 9 + ^y 



u=0 



+ 



E 



aeii§-b)u)du 



(8.30) 



-^-<tr^-,.^o^o 47rix/Z7(^ - b){B, + 9 + ^)"+i 
1 e(^) 



2(5i + ^)" 2(5i + ^^ + ^)« 



E 



f-T^ + ^. + P>, «, e). 



u=m 
u=0 



2{B,r 2{B, + ^)< 



(8.31) 
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and 



p}{n,a,e) 

E 



/nu > 



u=0 



I \/nu \ 

+ I I ) 



+ E 



By Lemma 3.5, 

2 



V d(n)n-^ V7„(-— )"e(2v^(Si + ^) + l/8)p|(ri,a,^)<<C/-V4+-(^). (8.32) 
^ — ' ■^^ — ' 47rv?^ 

a=0 

Clearly, as a = 1,2, the sum (8.30) is 0{U-^+'^^^). Using 



5L 
A 



it follows from (8.30), (8.31) and (8.32) that 
Re5Q„(Si) = 

V- „ X 1 -4-, V- cos(47rv/^(Si + ^) - f ; 
= > d(n)n~^e ^( > ^ — ^^^^^ 



u=0 



I cos(47rV^^, + f ) ^ cos(47rV^(i?, + ^) + f) ^ ^ 0(C/-i+e(c/)) 



d(n)n~*e-^(( ^ - cos(47rVri(5i + — ^ - t 

^ ^ ' ^^2sin7r^ 27rV^^ V V V i ^, 



u=0 



^ cos(47r^i?, + f ) ^ cos(47r0^(i3,^+^) + f) ^ ^ 0(C/-i+^(^)), 
where the last equality is given by the following (9.25). 
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9 EVALUATION OF Q 

By (5.13), (8.1) and (8.3), 
J2S{B) = 2x/2Re / ^ T(i? + + 0(t/-^) 

k=0 "^^1 fc=0 

= 2V2 Re Q{Bi)di + 0(t/-^) 

= 4V2U V] d{n)n~^^^e~^ 1^ cos{47rVn{Bi + x) + n/4)dx 

+Re t 5Q{B,)d^ + 0,(C/-=^/^+^(^)), (9.1) 
where < e{U) < 1/ log log C/, 5q{B{} < C/V4+e(c/)^ ^ l/16v^, ^2 = 3/16v^ and 

Si = S + ^ - = + + 77 + e . 



1 2 
R{rj,m) = -j= Yl e-^5^5(S), (9.2) 

-yi7L<j<VvL *;=o 

then by (9.1), 

i?(7y,m) = 4V2Z7 V d{n)n-^/^e~^ / v{r],i,x)dx 



+Re 5R{r), m) + 0^([/-3/^+^(^)), (9.3) 

where 

5K(?7,m)«C/-V4+- (9.4) 

or accurately, 

5^(7/, H = -4 E ^""^ / ' ^QWdi (9.5) 
((8.2) and (9.5) deduce (9.4)), moreover, 

^^(?7, 2^) = X] e"^cos(47rn(v^+ — -= + C + 77 + X) +7r/4) 

= Ree(2v/^(^ + e + 77 + x) + l/8)-^ ^ e-"V^e(^) + 0(C/-^°). 
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By Lemma 3.2, 



v(ri, ^,x)^ Re e(2V^(VU + ^ + ri + x) + 1/8) e""""^^"''^' + 0(C/-^°) 



j=-co 



irVn 

— e u cos 



{A7ry/E{VU + ^ + r] + x)+TT/A) + 0{ ^ e" 
e"^ cos(47rVn(^ + C + ^ + a;) + 7r/4) + 0(t/^^°) 



-(#-^)^) + o(t/-i°) 

(9.6) 



for ^ < 1/2. Since 



e C7 < e ,n > 



then it follows from (9.3) and (9.6) that 



n< 



X 



2vT7 



cos(47rv^(\/Z7 + ^ + ?7 + x) + 7r/4)(ix 



+5«(77, m) + 0(C/-^/^+^) 
\/2C7 



TT 



n< 



£71,2 



/■?2 

X / cos(47r-v/^("/c7 + ^ + + x) - 7r/4)dx 
+5,^(r;,m) + 0,(t/-3/^+^(^)). 



It is obvious that 



/(^) . = /(m + • + ^x) 



fci 



»7l=0 



fcl 



= E(-)^-(!)/(^) 
= (-1)^/(0) +E(-i)^-"f^) 



/( 



ak\ 



a=l 



V « y w 

By (9.7), (9.8) and definition (1.28) of we have 



Vk 



Vk 



(9.7) 



(9.8) 



(9.9) 
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where < e{U) < 1/ log log C/, 
Rq — 



R 



mk 



Therefore, 



where 



TT 



n< 



Rm. — 



rZ2 

^ d{n)'i 



TT 



n< 



X ^ cos(47rVn(Vt7 + ^ + - 7r/4)de, 

^ ^^UL^ "^€1 a=l ^ 



a 



X cos(47rVri(vC/ + ^ + x + —=) - 7r/4) 



2VU 

x=0 



2mo 



-v^L<i<VVL k,m=mo 



Vk 



2mo 



k,m=mo 



Vk 



(9.10) 



(9.11) 



(9.12) 



1^0 + ^^1 4 


-Q2 + ^5 + 0{U'/*+<''^), 


(9.13) 




2mo 








= Ro = {mo + lfRo, 


(9.14) 




k,m=mo 










2mo 




Qi 


= 22 Rm^ {mo + l) 22 


(9.15) 




A;,m=mo 


m=mo 






2mo 








— ^ ^ Rmk 1 




(9.16) 




k,m=mo 








2mo 












(9.17) 




k,m=mo 





(we have replaced kiby k), Rq, R^, R^k and 5ji{7], m) are (9.10), (9.11), (9.12) and (9.5), 
respectively. By (9.4), 

VLs < U^I^+<^\ (9.18) 
We first evaluate Qi. By (9.11) and (9.15), 

= Ci\/Z7(mo + 1) X d{n)n-^'^e-''''^Tr+i^) t\^^{i)di, (9.19) 

^/^<^- 
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where Ci = is real, 



2mo 

wmiO = y\ cos(47rv^(v^ + ^ + - 7r/4) 



m=mo 



By Lemma 3.3, 



/■2mo ^ 

«^in(0 = / cos(47rVri(V^ + C + - T^/^)du + ^ + w'^ + 0(C/" 



u=2 



u=l 



where 



^co.(4.VS(^ + e + i^)-3./4) 



i |j cos(47r V^(v^ + e + ^) - vr/4), 

/•2mo 

Re / e(2x/^(\/Z7 + C + ^^)-&M-l/8)rfM, 



27rz ^ 



e(2v/^(v/;7 + e+^)-l/8) -2-0 



-;7io<6<C/io,67^0 

for e(— feii) = 1, w = mo, 2mo- It is easy to test Fourier's formula: 

, , 1 , ,,1 2a(— 1)^ cos(6a;) , 

iax) = - sm(a7r)(- + ^2 _ )^ 



cos 



6=1 



< Q; < 1, — TT < X < TT. 

Taking x — ir^a — we have 



E 



oo o V" 



^ - ft 

-!7io<6<[7io,6^0 ^ 



6=1 
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7rcos(7r^) ^ ^ 
sm(7r^) 7^ 



where <^(^) = Cif + C2(f )^ + • • • for < By Lemma 3.5, 
^/Z7(mo + l) T'cie d(n)n-=^/^e-'^"(^+^)< 
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« Vu{mo + 1) / ' t/-V2+i/4+.([/)^^ t/l/4+e(C/)_ (9 26) 

hi 

It follows from (9.19), (9.21), (9.22) and (9.26) that 

= CiC/(mo + l) dC (i(n)n-^/^e-'^"^^+^) 



u=2 



X cos(47rv/^(v^ + e + ^) - 37r/4) 



+ni(5 + 0(xV4+^W), (9.27) 

where [/= [X], 

2 /-ft 

= C2V^(mo + 1) 5^ / 5^ (i(n)n-^/^e-""(^+^) 

6=1 -^^1 „^i7J.2 



xcos{A^T^/E{VU + ^+ -7r/A)dC (9.28) 

Furthermore, 

e-M^+^) _ 1 ^ -7rn(^ + 4) / e'^'^^^^+^^t^^, (9-29) 



and 



cos(47r V^( VC7 + e + - 37r/4) 

2yZ7 

= Re e(2v/^(Vx + ^) - 3/8)e(2v/^(e + ^- Vx+^(^-^))) 



= cos(47rx/^(\/X + ^^)-37r/4) 

-47^^^(e + a/c7-a/X+^(^- ^)) cos(47rV^(yx + ^) - 7r/4) 
+Re{e{2V^{Vx + ^) - 3/8)Snu{0), (9-30) 



where 

SnuiO - n{Ani{^ + VU-Vx + ^i^- -^)))^ 

X [' I' ee{2eeiV^{c + Vu-y/x + ^{^-^)))dedei. (9.31) 

Jo Jo 2 ^ X 

Using (9.29) and Lemma 3.5, 

t/(mo + l) V (i(n)n-^/^(e-""(^+^) - 1) cos(47rx/^(\/Z7 + { + - 37r/4)(ie 
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Since U = [X], ^ = 0(t/-5), then 



[X]-X 



[x] + Vx 2Vx ^x" 



-)) = 0i-) 



(9.32) 

(9.33) 
(9.34) 



for mo X VUL-^. It follows from (9.31), (9.33), (9.34) and Lemma 3.5 that 
C/(mo + l) J2 d{n)n-'/^ [^\{2V^{Vx + ^)-3/8)5nu{Od^<:X'/^+<''\ (9.35) 

Therefore, by (9.27), (9.32), (9.33), (9.34) and (9.35) we obtain that 

Qi = CiU{mo + l) V d{n)n-^/^ (cos47rx/^(Vx + ^^) - 37r/4) 

•^a 2V^ 



uniQ 



+C2M^ - ^ + 0{^)) cos(47rV^(vT + ^) - n/m 

+ 0(XV4+-(t^)) 



Co\/Z7(mo + l) Yl d{n)n-'/^cos{A7rV^{Vx+^^)-37r/A) 



2VX 



u=2 



u=l 



2\fX' 



-7r/4) 



u=2 
u=l 



+(mo + l)(Ci + C2{X}) ^ d(n)n-=^/^cos(47rV^(Vx + 

+ 0(Xi/4+^W) (9.36) 



for ^1 = l/ievt/, ^2 = 3/16\/t/. In the same way, by (9.28), 

2 

f^i, = (mo + 1) V C„ V (i(n)n-3/4 cos(47rx/^(\/X + ^) - 7r/4) + 0(X^/^+^(^)). 

(9.37) 



By Lemma 3.4, 



V d(n)n-5/^ cos(47rV^( + ^) - 37r/4) « 



and 



y d(n)n-^/" cos(47rv^(Vx + ^) - 7r/4) « ^-^4+^. 
' ^ 2^ 



(9.38) 



(9.39) 



y'-<n<- y 
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Therefore, by (9.36), (9.37), (9.38) and (9.39), we may rewrite Qi in the form 

2 



+(mo + l)5^(C2(a) + C3(a){X}) 



a=l 



^/-^ cos(47ryn(Vx + 



arrio 
2Vf ^ 



«=2 



^/4) „^i + C'(X^/^+^(^)) (9.40) 



for Xi < X < X2, U = [X], where Cj{a) = 0(1) is real and independent of X. 
Next we evaluate ^2 in (9.16). By (9.16) and (9.12), 



2U 



TT 



3/4p-7rn(^ + ^) 



n ' e 



K 



a=l 

1^2 + ^20, say. 



V a 



2\/Z7 



(9.41) 



where 



m 



2VU 

Wnait 0) 



2mo 



J2 cos(47rV^(Vc7 + e + ^ + ^)-7r/4) (9.42) 



k,m=mo 
2mo 



ak 



J2 cos(47rv^(^ + e + -^) - 7r/4) 

k,m=mo 



2mo 



- (mo + 1) V cos(47rV^(\/Z7 + ^ + ) - 7r/4). (9.43) 



k=mo 
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Repeating the evaluation of (9.40) we have 



20 



TT 

K 



-(mo + 1) d{n)n-^/''e 



a=l V « / ^6 k=mo 

(mo + l)VxECi(a) E d(n)n-'/^cos(47rV^(Vx+^^)-37r/4) 
+ (mo + l)E(C2(a) + C3(a){X}) 



ak 



+ e + ^) - vr/4)de 



amo 



a=l 



X t^H^"'/'cos(47rx/^(Vx + ^^) -7r/4) + 0(Xi/^+^(^)), (9.44) 



where Cj{a) is real, and 

|Q(a)|« sup (^\<^2^<^exp{0{-^)). 

0<a<K V a / iOg(ivj 

Next we evaluate in (9.41). By (9.42) and Lemma 3.3 



m 



2\/t7 



Re(e(2V^(V^ + 0-l/8)p„„), 



where 



2mo 



moreover, 



(7i = 



/ ^( Tt^)"''^ 

J mi 



mo wU 

e{ )du 



--e( ^ — ) 



r2rr 
J mo 



e( ^) 



1 ,2ahmQ. \ ^ 



e( 



M=l' 

2^/naTnou • 
7^ ' 



2^ ^ VU 



-{7io<fe<;7io,b^o 27ri( ^ &) 



u=2 
u=l 



iJ-^ 2ahmQ n'^ ^{^^^^^) ^/n 2a^/n ^ 



u=l 



1 >A ^/nbmo 7r2^(^^^^)v^ /V^^^ 



(J2 



3 27ri 
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u=2 



u=l 



(9.45) 



(9.46) 



E e(2x/^(-^ + ^)) = /i/2 + /ia2 + /2ai + aia2 + 0(^7-9), (9.47) 

k,m=mo 



(9.48) 



(9.49) 
(9.50) 



The last equality is given by (9.25). Since (7i(72 <^ 1, then 



K-a 

X 

a=l ^ / "^51 

By (9.41), (9.46), (9.47) and (9.51), running the process of the evaluation of (9.40), we 
obtain 



J2{-lf-f-)a,a2 r'e(2y^(v^ + 0-l/8)d^«xV4+-W (9.51) 



i2 



V 

X ^(-1)^ {-\ {hh + ha2 + /2ai) e{2./^{Vu + i) - l/^)di + ©(X^/^+^W). 

a=l ^ ° / -^€1 

Thus, we may rewrite in the form: 

AK+2 

n'^ = xY^Ci{a) rf(n)n-^/^cos(47rV^(\/X+^^)-7r/4) 
, , 2v X 

AK+2 

+VX (<^2(a) + C^{a){X}) Y d{n)n-'/^ cos(47rV^(Vx + ^^) - 37r/4) 

+0(XV4+-W), (9.52) 

where Cj{a) satisfies (9.45). 

Finally, by (9.13), (9.40), (9.44) and (9.52) we obtain that 

Q, = Qo + ^i + ^2 + ^2o + ^s + 0{X^/^+<^^) 

AK+2 

= X V Ci(a) Y d{n)n-^/^cos{47i^/^{Vx + ^^)-TT/4) 
— ^ 2v X 



AK 

arrio 



+Vx{mo + l)Y Y d{n)n-^'^ cos(47rV^(Vx + -^) - 37r/4) 

+Vx 

4_fs'+2 

X V(C3(a) + C4(a){^}) V ci(n)n-5/^cos(47rV^(^+-^) -37r/4) 
+(mo + 1) 

AK 

X V(C5(a) + C6(a){X}) V d(n)n-3/^ cos(47rv^(^ + ^) - 7r/4) 

— ' o 2yX 

+f^o + f^5 + 0(xV^+^(^)) (9.53) 
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for U — [X], mo x vXL ^, where Cj{a) is real and independent of X, 

\Cj{a)\ « 2^ « exp(0(^^)), (9.54) 
fio is (9.14), Qs is (9.17) and (9.18). 

10 PROOF OF THEOREM 

By (9.14) and (9.10), 

(-l)^+iy2Z7(mo + 1)2 



TT 



J2 rf(n)n-3/V'^"^^+^^ / 'cos(47rV^(v^ + -7r/4)de. (10.1) 

,rrr2 "^6 



X 



Since 



for ^ < n < ^ff^, then putting ^ = we have 



v 27r 



X / cos{4:7T^/n{Vu + i/Vu) -7i/4)di + 0{U-^^) 

Vl/16 

^"'^"IxV^^'^' ^T^ E c^(n)n-3/^cos(4.V^-./4) 
+5oi(X) + 5o2(^) + 0{U-')), (10.2) 



where 

V(^) = CiXV4 

f3/16 
1/ 



X V ci(n)n-3/^(e-™(^+A^) - 1) / cos(47rv^(V^ + ^/Vt/) - 7r/4)cie, (10.3) 

^1/16 

<^02(^) = 

Y] d{n)n-^/^ / (cos(47rVn(\/Z7+C/Vt7)-7r/4)-cos(47rVnX-7r/4))(i^, 



3/16 
1/16 

(10.4) 
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with Ci, C2 = 0(1) be real and independent of X. Denote 

5ooW = A(X) V d(n)n-3/4cos(47rV^-7r/4). (10.5) 



By (10.2), 

^0 = ^ ' ^^y" ' (A(X) - 5o(X) + 0(t/-^)), (10.6) 

where 

So{X) = (5oo(X) - Soi{X) - So2{X). (10.7) 
For Xi < X < X2, X X2, y = £0 = 1/logL, (2.59) imphcates 

6oo{X) < (10.8) 

Using (9.29) and taking a — —l/A in Lemma 3.4, we have 

Soi{X) < X'. (10.9) 

Since 

cos{47^^/n{y/U + ^/y/U)-n/4:)-cos{4n^/rJC-7^/4:) = 
= Ree(2VnX-l/8)(e(2Vn(Vt7 + C/Vt7- VX))-1) 

= x/nRe e(2VnX- l/8)47ri(\/c7- VX + C/VC/) [ e{29^/n{^/U - Vx + i/Vu))d9, 

Jo 

then using Lemma 3.4, we have 

do2{X)<^X'. 

Thus, 

6oiX) = 5ooiX) - doi{X) - do2iX) < X^ (10.10) 
Moreover, by (9.53) and (10.6), 

Q = hll^^_^!!^^±il!(A(X) - X'/^A{X) - d{X) + O(X-VW)))^ ^^q_;L1) 



where 



A(X) = — ^ J] C,(a) d{n)n-y'cos{A7rMy^+^)-^/^) 

' — 4K 

^ / N u ^ -5/4 ^/ , a"^o 



^_vv^y^ y d(n)n-'/^cos(47rV^(v^+^^) -37r/4), (10.12) 

mo + 1^ ^2 

6{X) = 6o{X) + 6,{X) + 52(X), (10.13) 
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The three terms in the right side of the last equahty are the following: 
So{X) is (10.10), 



^ a=l ^XoL^ 



^1/4 4ir 



■^^^^J](C5(a) + C6(a){X}) 5] d(n)n-^/^cos(47rv/^(Vx + ^)-7r/4), 



V 



k,m=mo 

where ils is (9.17), SR{rj,m) is (9.5), Cj(a), (52(X) contain new constant C — 0(1) to be 
independent of X. 

Therefore, by (1.26) and (10.11) we obtain that 

A(X) = X^/^A(X) + 5(X) + 0(X-^/'+^W), < e(X) = 0(-^-—). (10.15) 

log log A 

The proof of Theorem is complete. □ 
NOTE 

For the convenient of the other application afterwards we write down the accurate 
S{X) of (10.15): 

5(X)^A(X)-^ V d(n)n-^/^cos(47rV^-7r/4) 

/•3/16 

+CiXV^ V d(n)n-^/^(e-'^"(^+^) - 1) / cosi^nV^iVU + ^/Vu) -n/4:)d^ 

^..2 ^1/16 



/.3/16 

+02^^/^ V d{n)n-^/^ / (cos(47rV?i(Vt7+C/Vc7)-7r/4)-cos(47rVnX-7r/4))ciC 

„ ,9 "'1/16 



-^3/4 



( E(^3(a) + g4(a){X}) ^ rf(n)n-^/^cos(47rV^(x/X+;^)-37r/4) 

(mo + 1)2^ 2VX 



^1/4 



+7^^^ E(^5(a) + C6(a){X}) 5^ rf(n)n-^/^ cos(47rV^(x/X + ^) - 7r/4) 
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^ " ' -VyL<i<v^L k,m=mo ?i 



(10.16) 



where 5q(5i) is (8.28), Xi < X < X2, f/ = [X], mo x v^^"^ Xi x X2, 
L = logXa, = 1/IGVU, = 3/16\/Z7, A = CoVWL Cj{a) is independent of X, and 

|C,(a)|«ea;p(0(^)). 

We can take V — X|°, £0 — 1/logL, mo = [\/X^L~'^], such that they are independent 
of X. 

Acknowledgements. 1 would hke to thank Professor Liang Zhang for pointing out 
some errors and checking the paper. 
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